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Abstract. The local Langlands conjectures imply that to every generic super- 
cuspidal irreducible representation of G2 over a p-adic field, one can associate 
a generic supercuspidal irreducible representation of either PGSpe ovPGLg. 
We prove this conjectural dichotomy, demonstrating a precise correspondence 
between certain representations of G2 and other representations of PGSpe 
and PGL3 . This correspondence arises from theta correspondences in Eg and 
Ey, analysis of Shalika functionals, and spin L-functions. Our main result 
reduces the conjectural Langlands parameterization of generic supercuspidal 
irreducible representations of G2 to a single conjecture about the parameteri- 
zation for PGSpa- 
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Introduction 

Let fc be a finite extension of Qj,, p a prime number; we work here with the k- 
points of algebraic groups. In this paper, we prove a precise correspondence between 
the generic supercuspidal irreducible representations (abbreviated to "irreps") of 
the exceptional group G2 and certain generic supercuspidal irreps of the classical 
groups PGL3 and PGSpQ. This correspondence is phrased as a dichotomy, in 
which to every generic supercuspidal irrep r of G2, we associate either a generic 
supercuspidal irrep a of PGSpe whose spin L-function has a pole at s = 0, or a 
contragredient pair (or self-contragredient singleton) of generic supercuspidal irreps 
{p, p} of PGL^. Symbolically, we write this dichotomy as a function A: 

Irr°(PGL3) 

A: Irr°(G2) ^ Irr^.g^^jPG^pe) U '^^^^J' ■ 

After constructing this function A, we prove that it is bijective when p ^2. When 
p = 2, we can prove that A is injective, but there is a subtlety involving self-dual 
supercuspidal irreps of PGL3 which prevents a proof of bijectivity for now. 
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This main result is suggested by Langlands' conjectural parameterization of the 
generic supercuspidal irreps of these groups G2, PGL3, and PGSpe- For this rea- 
son, we demonstrate the precise dichotomy at the level of Langlands parameters 
in the first section. The results on Langlands parameters depend essentially on 
the structure theory of the complex simple groups G2(C), SL3{C), and SpinT{C): 
embeddings of SL3{C) into G2(C), embeddings of G2(C) into Spin7{C), and clas- 
sification of parabolic and other subgroups. 

The second section is devoted to the structure theory of certain algebraic groups 
over the p-adic field k, including constructions and embeddings of exceptional 
groups and their parabolic subgroups. At different times in this paper, we re- 
quire different embeddings of groups. As Jacquet modules play a crucial role, we 
describe in detail two kinds of parabolic subgroups: minuscule parabolics (arising 
from Jordan algebras), and two-step parabolic subgroups arising from the struc- 
turable algebras of Alhson [1], [I]. 

The third section provides the definition of the dichotomy map A. Specifically, 
the dichotomy is realized via theta correspondences using dual pairs G2 x PGLj, C 
i?6 and G2 X PGSpe C Ej, and the minimal representations (see [11]) of Eg and 
Ey. Such theta correspondences have been studied in the literature - we mention 
the results of Ginzburg- Jiang [T5], Gan-Savin [TU] [S], Savin [37], Magaard-Savin 
[55] . Loke-Savin [31], Gross-Savin |5Dj [TH] . We refine results of Ginzburg- RaUis- 
Soudry [16] , who first considered the "tower of theta correspondences" for G2 . Using 
extensive analysis of Jacquet modules for the minimal representations of Eq and 
Ej, we are able to demonstrate that this pair of theta correspondences determines 
a dichotomy function A, taking a generic supercuspidal irrcp of G2 either to a 
(unique, up to isomorphism) generic supercuspidal irrep of PGSpe or to a (unique, 
up to isomorphism and contragredient) generic supercupsidal irrep of PGL3. 

The fourth section is devoted to proving the injectivity of the dichotomy map 
A, through a study of Whittaker and Shalika functionals. When considering a 
generic supercuspidal irrep p of PGL^, the fibre A~^({p, p}) has cardinality at 
most the dimension of a space of Whittaker functionals on p. The uniqueness of 
Whittaker functionals immediately yields injectivity of the dichotomy map in this 
case. However, when considering a generic supercuspidal irrep a of PGSpe, the fi- 
bre A~^((t) has cardinality equal to the dimension of a space of Shalika functionals 
on (T. Here, the "Shalika subgroup" is nearly isomorphic to GL2{k[e]/e^), embedded 
appropriately in GSpe . This subgroup is a cubic analogue of the Shalika subgroup 
GLn{k[e]/e^) studied by Jacquet-Rallis and others (see 28] for a recent exam- 
ple). In this fourth section, we prove a result of some independent interest - the 
uniqueness of such Shalika functionals for arbitrary supercuspidal irreps of G Spe- 
lt almost immediately follows that the dichotomy map is injective. 

The fifth section is devoted to characterizing the image of the dichotomy map 
A, finishing the proof of a bijection when p ^ 2. The dichotomy map surjects onto 
the set of generic non-self-contragredient (an automatic condition when p ^ 2) su- 
percuspidal irreps of PGL3. When p = 2, we cannot yet exclude the possibility 
that a generic self-contragredient supercuspidal irrep of PGL3 occurs in the theta 
correspondence with a generic supercuspidal irrep r of G2, and also a generic su- 
percuspidal irrep of PGSpe occurs in the theta correspondence with the same r. 
In other words, we cannot yet prove that a "second occurrence" in a tower of theta 
lifts is not supercuspidal in residue characteristic two. From the way we define 
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our dichotomy map A, we cannot therefore prove that the image of A includes all 
self-contragredient supercuspidal irreps of PGL3, though all such irreps of PGL3 
occur in a theta correspondence with a generic supercuspidal irrep of G2. 

The fifth section focuses on the set of generic supercuspidal irreps of PGSpe in 
the image of A. Precisely those generic supercuspidal irreps of PGSpe with non- 
vanishing Shalika functional occur in this image. However, Langlands' conjectures 
predict another characterization of the image of dichotomy: a generic supercuspidal 
irrep a of PGSpe should occur in the image of dichotomy if and only if its degree 8 
spin L-function has a pole at s = 0. Thus to characterize the image of dichotomy, 
we prove that a has a nonvanishing Shalika functional if and only if L(a, Spin, s) 
has a pole at s = 0. This is a local version of the main result of Ginzburg- Jiang 
[15j . One direction - that a nonvanishing Shalika functional implies that the L- 
function has a pole - requires an analysis of the minimal representation oi Eg (!), 
the construction of Shahidi [39j of the spin L-function and connections to reducibil- 
ity points for representations of parabolically induced from GSpe- The other 
direction - that if L{a, Spin, s) has a pole at s = then a has a nonvanishing Sha- 
lika functional ~ requires the Bump-Ginzburg [6] integral representation of the spin 
L-function, results of Vo "40] on this L-function, and global methods to demonstrate 
that the Bump-Ginzburg construction agrees (in its poles) with Shahidi's for the 
spin L-function. 

The dichotomy proven in this paper comes close to proving Langlands' conjec- 
tural parameterization of generic supercuspidal irreps of G2 by parameters (rep- 
resentations of the Weil group) with values in G2(C). Indeed, the dichotomy re- 
duces this parameterization (when p ^ 2) to a conjecture related to the Langlands 
parameterization for PGSpe. While Langlands parameters for generic irreps of 
PGSpe are now known (by functoriality for classical groups, due to Cogdell, Kim, 
Piatetski-Shapiro, and Shahidi 8J and the local Langlands correspondence for GLy 
by Henniart [23] [2lj, Kutzko-Moy [33 , Harris- Taylor [2T]), it remains to be proven 
that the currently understood parameterization for PGSpe is compatible with spin 
L-functions. Thus the local Langlands parameterization of generic supercuspidal 
irreps of G2 is reduced to a single question about the classical group PGSpe when 
p^2. 

Of course, a complete parameterization of supercuspidal irreps of G2 satisfying 
Langlands' conjectures would require also an analysis of the nongeneric supercuspi- 
dal irreps, and the partition of all supercuspidal irreps into L-packets. For example, 
many nongeneric representations arise from inner forms PD^ of PGL3 (see |38j). 
but we do not address such phenomena in this paper. 



0.1. Conventions. The letter k will always denote a finite extension of Qp, where 
p is a prime number. A A:-algebra will always mean a unital (except for Lie algebras, 
of course), finite- dimensional fc-algebra. An involution on a /c-algebra will always 
mean an anti-automorphism of order 2, which fixes every element of k. We do 
not assume A:-algebras to be commutative or associative; in fact, non-associative 
algebras play a central role. For a fc- vector space A, we write 6;ni)fe(j4) for the Lie 
algebra of fc-linear endomorphisms of A. 

We fix a split Cayley algebra O over k, in what comes later. We also fix a 
smooth, nontrivial, additive character -0^ oi k. From ■0^, we may define a smooth 
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additive character -^o by: 

i/,o(w) = i/)fe(Tr(a;)) for all cj eO. 

We use a boldface letter, such as G to denote an algebraic group over k. We 
use an ordinary letter, such as G, to denote the fc-points of G, viewed naturally 
as a topological group. All representations of such groups G will be assumed to 
be smooth representations on complex vector spaces. An irrep of G will mean a 
smooth irreducible representation of G on a complex vector space. If G ^ G' is 
a surjective group homomorphism, and tt is a representation of G', we often also 
write TT for the representation of G arising by pullback. 

If C G is a closed subgroup, and tt is a representation of _ff on a complex 
vector space V, then we write Ind^ for the represenation of G obtained by smooth 
(unnormalized) induction: 

Indg TT = {/ G G°°(G, V) : /(%) = Tr{h)f{g) for all h G H}. 

Here, C°° (G, V) denotes the space of uniformly locally constant functions from G 
to V. Induction is adjoint to restriction, by the appropriate version of Probenius 

reciprocity: 

HomG(T, Ind^ tt) = Homjir(T, tt) 
for every smooth representation r of G and every smooth representation tt of H. 

When H\G is noncompact, it is often more useful to consider the smooth com- 
pact induction: 

c-Ind^ TT = {/ G Ind§ tt : Supp(/) c H ■ K fov some compact subset K c G}. 

Then c-Ind^ tt is again a smooth representation of G, and is a subrepresentation 
of Indg TT. 

If TT is a representation of G, and p is an irrep of G, then we say that p is 
a constituent of tt if p is isomorphic to a quotient of a subrepresentation of tt. 
However, we almost exclusively work with supercuspidal constituents in this paper; 
the injectivity and projectivity of supercuspidal irreps, in the category of smooth 
representations, implies that when supercuspidal irreps occur as constituents, they 
also occur as subrepresentations and as quotients. 

0.2. Acknowledgments. The authors wish to thank the American Institute of 
Mathematics, where collaboration on this paper began, and the IAS Park City 
Mathematics Institute for their hospitality and support while this paper was fin- 
ished. 

The first author was supported by the National Science Foundation grant DMS- 
0852429 during the preparation of this paper. The second author wishes to thank 

the University of Michigan, where parts of this paper were completed. He also 
thanks Daniel Bump and Wee Teck Gan for some useful conversations. 

1. Dichotomy of parameters 

1.1. The local Langlands conjectures. Recall that fc is a finite extension of Qp, 
fix an algebraic closure k of k, and let F = Gal(fc/fc). Let /c""'^ denote the maximal 
unramified extension of A: in fc. There is a unique continuous isomorphism from 
Gal(fc""''/fc) to the profinite group Z which sends the geometric Frobenius to 1. 
This isomorphism yields a surjective homomorphism from F to Z. The preimage of 
Z is the subgroup Wk C F, called the Weil group of k. 
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The Weil group contains Gal(fc/fc""''), and Wk is given the coarsest topology for 
which Gal(A:/A:""'') is an open subgroup endowed with the subspace topology from 
Gal(fc/fc). Thus there is a short exact sequence of topological groups and continuous 
homomorphisms : 

1 ^ GaKfc/fc"""^) ^Wk^Z^ l. 

Let G be a semisimple, split, adjoint algebraic group over k, and let G = G{k). 
Let Irr(G) denote the set of isomorphism classes of irreducible smooth representa- 
tions of G on a complex vector space, hereafter called irreps of G. Let Irr°(G) 
denote the subset consisting of isomorphism classes of supercuspidal irreps. Let 
Irrg(G) be the subset consisting of isomorphism classes of generic irreps; the adjec- 
tive "generic" is well-defined, since we assume that G is adjoint and split over k. 
Finally, define Irr°(G) = Irrg(G) fl Irr°(G) to be the set of isomorphism classes of 
generic supercuspidal irreps. 

Let G denote the complex dual group of G; thus G is a semisimple, simply- 
connected complex Lie group. A parameter for G is a continuous homomorphism 
rj: Wk G such that ri{w) is semisimple for all w G Wk- We do not require the 
extra structure provided by the Weil-Deligne group here. A parameter 77 is called 
cuspidal if 7m(ry) is not contained in any proper parabolic subgroup of G. Let 
Par(G) denote the set of parameters, and Par°(G) the set of cuspidal parameters 
for G. Note that G acts on the sets Par(G) and Par°(G) by conjugation, denoted 
Ad. 

An expectation of the local Langlands conjectures is that there is a "natural" 
bijective parameterization: 

$(G): Irr°(G) ^ 
^ ' ' Ad(G) 

whereby the generic supercuspidal irreps of G are parameterized precisely by the 
G-conjugacy classes of cuspidal parameters. 

1.2. The Dichotomy. When G2 is a simple split algebraic group of type G2 over k, 

G2 = G2 (C) is the simple complex Lie group of type G2 . In this case, the Langlands 
conjectures predict that the generic supercuspidal irreps of G2 are parameterized 
by G2-conjugacy classes of cuspidal parameters. However, the latter can be related 
to classical groups as follows. 

Let O denote an octonion algebra (also called a Cayley algebra) over C. Let 
Oo denote the subset of trace zero octonions, and realize G2(C) as the group of 
C-algebra automorphisms of O. Thus, we find an embedding G2(C) ^ SOr{C) = 
SO{Oo,N), where N denotes the quadratic norm form on Oo. As G2(C) is sim- 
ply connected, this embedding extends to an embedding G2(C) ^ Spin'j{€-). As 
Spinr{C) is the complex dual group to PGSpe, we find a natural map 

Par°(G2) ^ Par(PGS'p6)- 

To determine when the image of a cuspidal parameter for G2 is a cuspidal pa- 
rameter for PGSpQ, we discuss the maximal parabolic subgroups of G2(C) and 
Spin'j{€,). A nil-space in Oo is a linear subspace F C Oo such that for all a, /3 e F, 
a • /? = 0. An isotropic subspace in Oo is a linear subspace ^ C Oo such that 
N{a) = for all a ^ V. While for one-dimensional subspaces of Oo, nil-spaces 
coincide with isotropic spaces, this does not hold in higher dimension. 
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It is known that every maximal parabolic subgroup of G2(C) is the stabilizer of 
a one-dimensional or two-dimensional nil-space in Oo (Theorem 3 of Aschbacher 
[1]). It is also known that every maximal parabolic subgroup of Spin-j{C) is the 
stabilizer of a one-, two-, or three-dimensional isotropic subspace in Oo. 

Proposition 1.1. Suppose that P is a maximal parabolic subgroup of Spin^iC). 
Then either P H G2 (C) is contained in a maximal parabolic subgroup of G2 (C) or 
PnG'2(C) is contained in a subgroup o/G2(C) isomorphic to SL^IC). 

Proof. There are three cases to consider, depending on whether P stabilizes a one-, 
two-, or three-dimensional isotropic subspace V C Oo: 

dim(y) = 1: If dim(l/) — 1, then any vector in V has norm zero and trace 
zero, from which it follows that any vector a G V satisfies = 0. It follows 
that F is a nil-space in Oo- Thus P D G2(C) is the maximal parabolic 
subgroup of G2(C) stabilizing this nil-space. 

dim(V^) — 2: If dim(F) — 2, then every vector a ^ V satisfies =0. If V 
is a nil-space, then P n G2 (C) is the maximal parabolic subgroup of G2 (C) 
stabilizing this nil-space. If V is not a nil-space, then there exists a basis 
{a, (3} CV such that a . /? = 7 ^ 0. It follows that F • V C C7. Therefore, 
if 5 e P n G2(C), then g stabilizes not only V, but also the line spanned 
by 7. 

Observe that 7^ = (a/3) • (a/3) = a{l3a)[3 by Moufang identities, and 
/3a = -al3 since (a + I3f = 0. Hence 7^ = 0. Therefore P n G2(C) is 
contained in the maximal parabolic subgroup stabilizing the nil-line C7. 
dim(F) = 3: If dim(V^) — 3, then we begin by choosing a basis {a,/3, 7} of 
V. There are two possibilities to consider. First, if 7 G C(a • /3), then 
V ■ V C C7, and 7^ = 0. In this case, P fl G2(C) stabilizes the nil- line C7, 
and hence is contained in a maximal parabolic subgroup of G2 (C) . 

If 7 ^ C(a • /3), then [a, /3, 7] 7^ 0, where the bracket denotes the associ- 
ator: 

[a,/3,7] = (a/3)7 - a{(3j). 

In this case, we find that [V,V,V] C C • [a,/3,7]. Therefore P n G2(C) 
stabilizes the line C • [a,/3,7]. The stabilizer of a line in G2(C) is either 
a maximal parabolic subgroup (if the line is a nil-line), or else a subgroup 
isomorphic to SL3{C). Thus PnG2(C) is contained in a maximal parabolic 
subgroup of G2(C) or else is contained in a subgroup isomorphic to SL3{C). 

□ 

Proposition 1.2. Suppose that Q is a proper parabolic subgroup of SL:i{<C). Then, 
for any embedding of SL^iC) in G2(C), the image of Q is contained in a maximal 
parabolic subgroup of G2 (C) . 

Proof. By the theory of Borel and De Siebenthal [S] , every embedding of the full 
rank subgroup SL^{'C) in G2(C) arises from a pair of long roots in the root system 
of type G2. It follows that a parabohc subgroup Q C 5*^3(0) arises from a single 
long root in the root system of type G2; it follows that Q will be contained in the 
maximal parabolic subgroup of G2(C) corresponding to this long root. □ 
The previous propositions now yield the following dichotomy for parameters: 
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Theorem 1.3. Suppose that rj G Par°(G2) is a cuspidal parameter for G2. Let 
rj' he the associated parameter for PGSps obtained by composing rj with the inclu- 
sion 6*2 (C) !■ Spin-j(C). Then either rj' G T'eLT°(PGSpe), i.e., rj' is a cuspidal 
parameter, or else there exists a cuspidal parameter ?/' G Pa,T° {PGL3) such that rj 
is obtained from rj" via an inclusion SLj,{C) ^ G2(C). 

Proof. If rj' is not a cuspidal parameter, then there exists a maximal parabolic 
subgroup P C Spinr{C) such that Im{ri') C P. It follows that Im{ri) C P H G2. 
Since 77 was assumed cuspidal, wc find that P H G2 is not contained in any maximal 
parabolic subgroups of G2 . It follows from Proposition 11.11 that P is the stabilizer 
of a three-dimensional isotropic subspace of Oo, and P n G2(C) is contained in a 
subgroup isomorphic to 5L3(C). 

Hence if rj' ^ Pa,r° (PGSp^), then we find that there exists an embedding t: SL3{C) ^ 
G2(C), and a parameter rj" G Par(PGL3) such that 77 = /, o rf. If 77" were not cus- 
pidal, its image would be contained in a maximal parabolic subgroup of G2(C) by 
Proposition 1 1.2[ contradicting the cuspidality of rj. Hence rj" G Par°(PGi3). □ 

This theorem demonstrates that to each 77 G Par°(G2), one may associate a cus- 
pidal parameter 77' G Pa,r° (PGSpe), or else a cuspidal parameter rj" G Par°(PGL3). 
Since all embeddings of G2(C) in Spini{C) are 6*75777,7 (C)-conjugate, we find that 77' 
is uniquely determined (up to S'pmy (C)-conjugacy) by 77 (up to G2(C)-conjugacy). 

Similarly, a cuspidal parameter 77 G Par°(G2), which composes to yield a non- 
cuspidal parameter for PGSpe, yields a cuspidal parameter 77" G Par°(PGL3) 
unique up to G2(C)-conjugacy. Note that all embeddings of SLs{C) into G2(C) are 
G2(C)-conjugate; moreover, the G2(C)-conjugacy class of a cuspidal parameter 77 
determines the cuspidal parameter rj" uniquely, up to S'L3(C)-conjugacy and outer 
automorphism. Namely, the outer automorphism of SL3{C) sending g to {g~^)~^ 
is realized by conjugating by an element of G2(C). The normalizer N{SL3{C)) in 
G2(C) is generated by S'i3(C) and an element inducing this outer automorphism. 

Putting these observations together, we find: 

Theorem 1.4 (Dichotomy of parameters). There is a natural injective dichotomy 
for the set of cuspidal parameters for G2, modulo G2{C)-conjugacy: 

Par°(G2) Par°(PG5'p6) Par°(PG£3) 
Ad(G2(C)) ^ AdiSpinriC)) ^ Ad{N {S LsiC))) ' 

The image of this dichotomy can also be characterized. First, we observe the 
following: 

Proposition 1.5. Suppose that rj" G Par°(PGL3). Then, for any embedding 
t: SLaiC) ^G2{C), Lojf g Par°(G2). 

Proof. It is clear that l o rj" G Par(G2). If P is a maximal parabolic subgroup of 
G2, then P stabilizes a nil-line in Oo or a nil-plane in Oo. As a representation 
of SL^{C), the vector space Oo decomposes into the direct sum of two irreducible 
three-dimensional representations, and one trivial representation arising from a 
S'i3 (C)-fixed line in Oo. Since there is no nil- line nor nil-plane fixed by SL^iC), we 
find that PnS'L3(C) fixes a line or plane in one of the irreducible three-dimensional 
representations of 5^3(0). Hence P fl S'L3(C) is contained in a maximal parabolic 
subgroup of SL^^C). The proposition follows immediately. □ 
We find that the natural dichotomy for cuspidal parameters for G2 includes all 
cuspidal parameters for PGL3. However, not all parameters for PGSpe occur in 
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this dichotomy. Perhaps the most convenient way of characterizing the parameters 
for PGSpe is through the following: 

Proposition 1.6. Suppose that r\' e {PGSp^. Let L{ri' , Spin, s) denote the 
Artin-Weil L-function associated to 77' and the 8- dimensional spin representation 
of Spinj{<C). Then L{ri' , Spin, s) has a pole at s = if and only if the image of rj' 
is contained in a subgroup of Spinj{<C) isomorphic to G2(C). 

Proof. Let V be an 8-dimensional vector space, on which Spin^^C) acts via the 
spin representation. The order of the pole of L{ri' , Spin, s) at s = is precisely the 
multiplicity of the trivial representation of Wk for its action on V. Thus, we find 
that L{ri' , Spin, s) has a pole at s = if and only if V has a nonzero vector fixed 
hyWk. 

Now, the stabilizer of any nonzero vector v Cz V in Spini{C) is cither a proper 
parabolic subgroup of Spinr{C) or else a group isomorphic to 6*2(0). Since we 
assume that ry' is a cuspidal parameter, its image in not contained in any proper 
parabolic subgroups of Spin-/{C). Thus L{rf , Spin, s) has a pole at s = if and 
only if rf(Wk) lies in an embedded G2(C) in Spinj(C). □ 

Define Par ^^^^^{PGSpe) to be the set of cuspidal parameters rj' for PGSpQ, for 
which L{rj' , Spin, s) has a pole at s = 0. Then, we find the following perfect 
dichotomy of parameters: 

Theorem 1.7. There is a bijective dichotomy for the set of cuspidal parameters 
for G2, modulo G2{C)-conjugacy: 

Par°(G2) ^ , P^rsp^n{PGSpe) Ps^r^jPGL^) 
Ad(G2(C)) Ad{Spin7{C)) Ad{N {S LsiC))) ' 

I. 3. Dichotomy for Irreps of G2. The dichotomy for parameters in Theorem 

II. 71 suggests, via the local Langlands conjectures, a dichotomy for the generic su- 
percuspidal irreps of G2 . Recall that Irr° (G) denotes the set of isomorphism classes 
of generic supercuspidal irreps of a (semisimple, adjoint, split) group G. 

Define Irr° 5pj„ (PGS'pe) to be the subset of lrY°{PGSpQ), consisting of those 
irreps a for which Shahidi's degree 8 L-function L(t, Spin, s) has a pole at s = 0. 
The main result of this paper is the following: 

Theorem 1.8. Dual pair correspondences in the simple split adjoint groups Eq and 
Ej determine a dichotomy function A, which is bijective when p ^ 2 and injective 
when p = 2: 

Irr° (PGia) 

A : Irr°(G2) ^ Irilspm iPGSpe) U '^^^^J . 
where Contra denotes the equivalence relation given by contragredience. 

The existence of such a bijection is directly implied by Langlands conjectures 
and the dichotomy of parameters in Theorem 11.71 The realization of this bijec- 
tion through theta correspondences is a result of additional interest, and follows 
many previous realizations of "Langlands functoriality" in theta correspondences. 
Conversely, this result can be used to parameterize the generic, supercuspidal rep- 
resentations of G2 over a p-adic field, using known and perhaps soon-to-be known 
parameterizations for PGL3 and PGSpe. 

Specifically, the local Langlands conjectures have been proven for PGLj, (for 
GL3 in fact) by Henniart [55], in the sense that 
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Proposition 1.9. There is a natural (compatible with L-functions and e-factors, 
among other properties) bijection 



Contra Ad(iV(S'L3(C))) ' 

In particular, the contragredient on irreps corresponds to the change in parameter 
given by the outer automorphism of SL3{C). 

While parts of the local Langlands conjectures are open for PGSpe, it appears 
likely that the following will be proven in the not so distant future. 

Conjecture 1.10. There is a bijection 

*(PGS„):K(PGS„,^|5ge|i, 

in which Shahidi's degree 8 Spin L- function on irreps corresponds to the Artin-Weil 
degree 8 L-function associated to the Spin representation of Spinj{C). 

The main theorem of this paper implies: 

Theorem 1.11. Assuming a parameterization ^(PGSpe) satisfying the previous 
conjecture, and assuming p ^ 2, there is a bijective parameterization: 

Of course, there are further properties of this parameterization <i>(G2) that should 
be proven; for example, one hopes that $(62) is compatible with L-functions and 
e-factors of various twists. 

2. Structure Theory 

There are many constructions of exceptional Lie algebras and algebraic groups. 
The construction of Allison [2] using structurable algebras [I'l (with similarities to 
earlier constructions of Kantor t29j), is well-suited to some needs of this paper. The 
construction of Koecher [3D] using Jordan algebras is well-suited to other needs of 
this paper. We recall these constructions of Lie algebras, and associated algebraic 
groups, in this section. The constructions here are valid whenever fc is a field of 
characteristic zero (and most likely, when char(k) ^ 2,3). 

2.1. Composition, Jordan, and structurable algebras. 

2.1.1. Composition algebras. 

Definition 2.1. A composition algebra (sometimes called a Hurwitz algebra) over 
fc is a pair (C, N) where C is fc-algebra, and N : C ^ fc is a nondegenerate quadratic 
form which satisfies N{xy) — N{x)N{y) for all x,y G C. 

Given a composition algebra (C, N) over fc, we write N also for the associated 
symmetric bilinear form: 

N{x, y) = N{x + y)- {N{x) + N{y)). 

The standard involution on C is given by: 

X = N(x, 1) — X. 
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The norm and trace can be recovered from the standard involution: 

N{x) — XX, and Tr(a;) = x + x. 

According to classification results originating with Hurwitz, composition algebras 
over k have dimension 1, 2, 4, or 8 as vector spaces over k. A composition algebra 
of dimension 8 will be called a Cayley algebra. Composition algebras of dimension 
1 and 2 are commutative and associative. Composition algebras of dimension 4 are 
associative. Composition algebras of dimension 8 are alternative: if C is a Cayley 
algebra, and x,y G C, then: 

{xx)y = x{xy) and {yx)x = y{xx). 

Although Cayley algebras are nonassociative, the map (x, y, z) ^ TT:{xyz) defines a 
trilinear form on a Cayley algebra C; the associative law is not required here since 

Tr{x{yz)) = Tr{{xy)z), for all x,y,z e C. 

2.1.2. Algebras with involution. Suppose that A is a fc-algebra with involution (de- 
noted a a). For x,y,z G A, wc define the following: first, the left- and right- 
multiplication endomorphisms are defined by Lx{y) = xy and Rx{y) = yx. Thus 
Lx,Rx € <Bn^k{A). Also, [x,y\ = xy — yx is the commutator, and [a;,y, = 
{xy)z — x{yz) is the associator. The involution yields a ternary composition 

{x,y,z} = {xy)z + {zy)x - {zx)y. 

This ternary composition yields the endomorphism Vx,y G ^nX)k{A), given by 
Vx,y{z) = {x,y,z}. Finally, define the endomorphism Tx G (Bndk{A) is given by 
tJ=Vx,i. Then 

^x ^^ Rx — x- 

Given a /c-algebra A with involution, one may consider the hermitian and skew- 
hermitian elements of A. The skew-hermitian (or trace zero) elements of A are: 

Ao = {a £ A such that a + a = 0}. 

The hermitian elements of A are denoted: 

= {a € A such that a = a}. 

As a A;- vector space, one may clearly decompose A as a direct sum: A = Ao (B A+. 
There is a natural alternating ^o-valued fc-bilinear form on A, defined by: 

{x,y) = xy — yx = (xy) — xy. 

From this form, one may construct the two-step nilpotent Lie algebra: 

f)(A,Ao) =A®Ao, 

whose brackets are given by: 

[{x, r), {y, s)] = (0, {x, y)) = (0, xy - yx) for all x, y G A, r, s G A^. 

One may also directly construct a two-step unipotent algebraic group: 

r / 1 X z \ 
n{A,Ao)={ \ 1 X \ ■.x,zeATy:{z) = N{x) 

I V 1 / 

where composition is given by the usual rules for matrix multiplication and the 
composition in the algebra A. 
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2.1.3. Jordan algebras. Let C be a composition algebra over k. Without reviewing 
the general theory of Jordan algebras, we mention and describe the Jordan algebra 
Jc of Hermitian-symmetric 3 by 3 matrices with entries in C: 



a,b,c £ k,a, (3,j £ C 



On Jc, there is the Jordan composition: 

. . 1 , . . . . X 

Ji o J2 = 2 ■ '-^i-^^ + J2jl), 

where ordinary matrix multiplication is used on the right side above. 

But more importantly for our purposes are the quadratic adjoint, cubic deter- 
minant, and cross product. The quadratic adjoint is defined by (following notation 
of Section 2.4 of 

be — N{a) (id — c"f 7a — 6/3 
afi — C7 ca — N{(3) jf3 — aa 
0:7 — bf3 l3j — aa ab — N{j) 

The cross product is the linearization of this quadratic adjoint: 

jix.n = {ji+j2)^ -Ul+.i)- 

There exists a unique cubic form N : Jc k, for which 

j X jt* = N(j) ■ j, for all j G Jc- 
There is a natural nondegenerate trace pairing 

T{j,j') = Tr(j o j'). 

2.1.4. Structurable algebras. We define and discuss structurable algebras here, fol- 
lowing the foundational work of Allison [1] very closely. 

Definition 2.2. A fc-algebra A with involution is called a structurable algebra if, 
for all x,y,z E A, the following (quartic polynomial) identity holds: 

Such an algebra satisfies: 

[r,x,y] = [x,y,r] -[x,r,y], for all x,y e A,r e Ao. 

Let Ser(A) denote the Lie algebra over k, consisting of derivations of A which 
commute with the involution. These are /c-endomorphisms D of A, which satisfy 
the following identities: 

D{xy) = {Dx)y + x{Dy), and D{x) — Dx for all x,y £ A. 

Important examples of structurable algebras include tensor products of compo- 
sition algebras. These have been studied extensively by Allison in [3J, who proves: 

Proposition 2.3. Suppose that B and C are composition algebras. Then B (E)k C , 
with the tensor product algebra structure and involution, is a structurable algebra. 
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When A — B (^k C is a tensor product of two composition algebras, as above, 
one may check directly that: 

Ao = {Bo (E)k k) © (fc ®k Co) ^ Bo® Co. 

In this way H(A, Ao) has central subgroup Bo® Co, and abelian quotient B (g)^ C. 

Another important example of a structurable algebra, from Section 8 of [T], is 
given by a construction of Freudenthal. From a composition algebra C, and the 
resulting Jordan algebra Jc, consider the fc- vector space 

= I °, ^ ^ : a, d e fc and j,f G Jc 

This space has a natural fc-algebra structure given by 

aia-z + r(ji, aij2 + ^2^1 + j'l x 

a2j'l + 02^2 + ji X 32 T{j2,j[) + did2 

An involution on Fc is given by 







( 0,2 


n ^ 


)-{ 




di J 


■ I f2 


d2 J 





a j \ _ ( d j 
f d )~[ f a 

In [T], Allison proves (in fact, he proves much more) that 

Proposition 2.4. If C is any composition algebra then Fc, with product and in- 
volution given above, is a structurable algebra. 

Note that the trace zero elements of Fc form a one-dimensional subspace. 

iFc)o^[[; i):aek 

2.2. Lie algebras. From Jordan algebras and structurable algebras, we may follow 
constructions of Tits-Koecher and Allison to construct certain Lie algebras over fc. 
We review these constructions here. 

2.2.1. Lie algebras from Jordan algebras. Suppose that J is a semisimple Jordan 
algebra. Then constructions of Tits, Kantor, or Koecher (whom we follow here) 
yield a graded Lie algebra: 

where g^j'^ — Str(J) is the subalgebra of £n<)k{J) generated by derivations of J 
and left Jordan multiplications Lj (for j G J) and 0^^^' is identified with J as a 
fc-vector space. The Lie bracket on gj is given by the following: 

• For all j G J, let a±{j) denote the element of fl/^^' associated to j. The 
Lie algebras g[^^ are abelian, i.e., 

K(j), «+(/)] = [a_(j), «_(/)] = 0, for aU j, / e J. 

• For all X G j"' and all j G J, we define Lie brackets by 

[X,a+{j)] = a+ {X{j)) , recalling that X G 6tr(J) C end{J). 
Also, we define 

[X,a_(j)]=a_(-X*(j)), 
where X* denotes the adjoint endomorphism of J, with respect to the trace 
pairing on J. 
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• For all j, j' £ J, we define 

K(j),a_(/)] - 2(L,o,, + [L„L,,]) E 6tr(J) = 0^°). 

In this way, the Lie algebra qj is naturally endowed with a parabolic subalgebra 
pj — flj^-* © flj with abelian nilradical Uj = g^p — J. 

2.2.2. Lie algebras from structurahle algebras. Suppose that A is a structurable 
algebra. Following Allison let &it\.{A) be the fc-subspacc of £nt)fe(A) spanned 
by S)er(A) and endoniorphisnis of the form for a E A. Then 6tr[(yl) is a Lie 
subalgebra of C;nI)fc(A), and contains Ser(A) as a Lie subalgebra. Given X £ 
6tr[(A), X e £)er(A) if and only if X{1) = 0. 

Many elements of &ix{{A) arise from "inner" endomorphisms, i.e., endomor- 
phisms arising directly from the composition and involution on A. 

• For aU r e A, e 6tr[(yl) by definition. 

• For a\\ x,y E A, define a derivation of A by: 

Dx,y{z) = i [[x,y\ + [x,y\,z\ + [z,y,x\ - [z,x,y\, 

for aU zeA. From Section 1 of [2], D^^y £ Der(A) C &ix\.{A) C (£nc)fe(A). 

• For all x,y E A^ one has: 

_ 1 

Hence e etrl(A). 

• For all r, s e , 

Hence LrLs G 6tr[(yl). 
Following [2], [1], we write 3nstr[(A) for the subspace of ©trl(A) spanned by Vx.y 
for all x,y E A. We write !Jnc)er(A) for the subspace of 1)zx(A) spanned by Dx,y 
for all x^y E A. Then 3n5trl(A) is an ideal in 6tr[(A), and 3ni)et(A) is an ideal 
in Dzt{A). The subspace Z{A) spanned by L^Lg for all r, s G is an ideal in 
6trI(A), and there is a chain of inclusions: 

£(A) c 3n5trl(A) c 6tr[(A). 
For all X G ettl(A), define X^ and X* by: 

X" = X ~T^„,,^Tjj^, (mdX^ = X + R-^ 



Then, X i— > X'^ is an automorphism of the Lie algebra &itl{A) of order 2. The 
element X^ G €nc)fc(A) preserves the subspace C A, and the resulting map 
X X'^ is a Lie algebra representation: 

From a structurable algebra A, Allison (in [2]) constructs a Lie algebra, with 
similarities to earlier work of Kantor [IP] . This Lie algebra, qa is constructed with 
a Z-grading, vanishing outside degrees —2,-1,0,1,2. In these degrees, the Lie 
algebra is constructed as follows: 

• In degree ±2, we define fl^^"* = Ao- For all r G Ao, we write C±(^) for the 
corresponding element of fl^^'' . 

• In degree ±1, we define 0^^^ = A. For all a; G A, we write ri±{x) for the 
corresponding element of Q^^^^ ■ 
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• In degree zero, we define = 3nstr[(^). 

The brackets on the Lie algebra qa = ®^=-2 5a' ^"^^ defined by the following 
identities: 

• The space Ua = © = A Q) Ao is identified as a Lie algebra with 
i){A, Ao). In other words, 

[n+ (x) + C+{r),v+iy) + C+{s)] ^ C+ i^y -yx), 

for all x,y ^ A, and r, s G Ao. The bracket on g^^^ © 0^^^ is defined in 
the same way: 

[v-ix] + C-{r),v-iy) + C-{s)] = C-{xy-yx), 

• The elements X G g^' = 3n5M{A) are endomorphisms of the fc-vector 
space A. For such elements, is an endomorphism of the fc-vector space 
Ao. Hence, for all X G Q^^\ it makes sense to define: 

[X,fj+{x) + C+(r)] = V+iXix)) + C+(^'(r)). 

Recalling that e is an automorphism of 3nstr[(A) of order two, it makes 
sense to define: 

[X^r^^ix) + C-{r)] - V-{X^{x)) + UX^\r)). 

• For x,y & A, and r,s £ Ao, define: 

[v+ix)+C+{r),V-iy) + C~is)] = -T]^{sx) + {V^^y+LrLs)+v+{ry). 

These identities suffice to determine the Lie algebra structure on all of qa- Note 
that qa is naturally endowed with a parabolic subalgebra 

with unipotent radical u^i with center ^a. Furthermore, ^a is identified with Ao, 
and ua/}a is identified with A. 

2.3. Algebraic Groups. Consider a Jordan algebra J, and the Koecher Lie alge- 
bra gj constructed earlier. Define an algebraic group Gj over k as the algebraic 
subgroup of GL(gj) preserving the Lie bracket and a Killing form. The three-term 
grading on gj yields a parabolic subgroup Pj with abelian unipotent radical Uj, 
whose fc-points are identified with J itself. 

If J C X is an embedding of Jordan algebras (i.e., J and K are Jordan algebras, 
and J is embedded as a sub-fc-algebra of K), then gj is naturally a graded Lie 
subalgebra of qk- This follows quickly from the fact, proven by Jacobson 26J that 
all derivations of the semisimple Jordan algebras considered are inner derivations - 
hence these derivation algebras extend to derivations of larger semisimple Jordan 
algebras. 

Since is an algebraic group with Lie algebra qk, and gj is a semisimple 
Lie subalgebra of qk, there is an algebraic subgroup Gj C Gk and an isogeny 
t : G'j — > Gj (where Gj is the adjoint algebraic group associated to gj). Let 
Pj = i^^(Pj) and let U'^ be the neutral component of i^^(Uj). 

The embedding of algebraic groups G'j C G^, is compatible with parabolics: 

Pk n g'j = p'j, and Uk n g;^ = V'j. 

Similarly, consider a structurable algebra A, and Allison's Lie algebra qa con- 
structed previously. Define an algebraic group Ga over k as the algebraic subgroup 
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of GL(gyii) preserving the Lie bracket and a Killing form. The five-term grading 
on QA yields a parabolic subgroup Pa with two-step unipotent racUcal \Ja 3 Tia- 
The fc-points of the center Za can be identified with Ao, and the fc-points of the 
quotient Ua/Z^ can be identified with A itself. 

If A C -B is an embedding of structurable algebras (i.e., A and B are structurable 
algebras, and A is embedded as a sub-fc-algebra with involution into B), then qa is 
naturally a graded Lie subalgebra of 0b (since elements of 3nstr[(A) c (£nc)fc(A) 
extend naturally to elements of 3n5M{B) c iBndk{B)). As before, one obtains 
an algebraic subgroup C Gb together with an isogeny t : G^ — > Ga- This 
embedding is compatible with parabolics: 

PBnG^ = p^, UsnG^^u^, ZbHG^^z^. 

2.3.1. Automorphisms of composition algebras. Fix a "complete chain" of com- 
position algebras k C K C B C C, where K,B,C are composition algebras of 
fc-dimension 2,4,8, respectively. Some interesting algebraic groups arise as auto- 
morphism groups of extensions of composition algebras. Namely, if c is an 
embedding of composition algebras over fc, then let AutE/H denote the algebraic 
subgroup of GL{E) preserving the algebra structure and fixing the subalgebra H 
element- wise. For example, Autc/k is a absolutely simple group of type G2, and 
Aut(j^j^ is a simply-connected absolutely simple group of type A2. AutB/fe is an 
adjoint absolutely simple group of type Ai, and Autc/B is a simply-connected 
absolutely simple group of type Ai . 

2.3.2. Groups from Jordan algebras. The chain of composition algebras k C K c 

B C C yields a chain of Jordan algebras Jk C Jk C Jb C Jc- The associated 
algebraic groups Gj with parabolic subgroup Pj = LjUj are tabulated below: 



Composition Algebra 


k 


K 


B 


C 


Dimension of J 


6 


9 


15 


27 


Type of Gj 


C3 


A5 


De 


E7 


Type of Levi Lj 


A2 


A2 X A2 


A5 





Given an embedding H G E oi composition algebras, we find an embedding of 
Jordan algebras Jh C Jb, and a subgroup Gj^ of Gj^ together with an isogeny 
Gj Gj^ . Moreover, the subgroup G'j commutes with Aut^/B, naturally 
embedded in Gj,^. In this way we find many commuting pairs of subgroups. We 
label them only by their type, leaving the precise determination of isogeny type up 
to the reader. 



H 


E 


AutE/H X G'j^ 


Gje 


k 


C 


G2 X C3 


E7 


K 


C 


A2 X A5 


E7 


k 


B 


Ai X C3 


Ee 


B 


C 


Ai X Eg 


E7 



2.3.3. Tensor products of composition algebras. The chain of Hurwitz algebras yields 
embeddings of structurable algebras from which we examine: 

k®B<zk®C<zK®C<zB®C<:iC®C. 

This yields embeddings (up to isogeny) of algebraic groups G^. compatible with 
two-step parabolic subgroups Pa = LaUa- We tabulate some possibilities in the 
following: 



16 



GORDAN SAVIN AND MARTIN H. WEISSMAN 



A 


k^B 




/r0C 






Type of Ga 


C3 


F4 


Eg 


E7 


Es 


Type of Levi 


Ai X Ai 


B3 


Ai X A2 X A2 


D5 X Ai 


D7 


Dimension of Ua/Z^ 


4 


8 


16 


32 


64 


Dimension of 


3 


7 


8 


10 


14 



This construction also realizes some well-known dual reductive pairs. Consider 
three composition algebras H,H',E, such that H C E. Then, Aut^/j? naturally 
acts on the Lie algebra Qe^h' and AutE/H fixes the elements of the subalgebra 
3h^h'- This yields a homomorphism of algebraic groups: 



Aut 



E/H 



X G', 



G 



E®H'- 



In particular, we find many commuting pairs of subgroups: 



H 


E 


H' 


AutE/H 




Ge^h' 


k 


C 


c 


G2 


X F4 


Eg 


K 


c 


c 


A2 


X Ee 


Eg 


B 


c 


c 


Ai 


X E7 


Eg 


k 


c 


B 


G2 


X C3 


E7 


B 


c 


k 


Ai 


X C3 


F4 



While such exceptional dual pairs occur often in the literature, this construction 
is convenient for at least two reasons: first, it gives dual pairs of nonsplit sub- 
groups which may be otherwise difficult to contruct. Second, the embeddings are 
compatible with a distinguished parabolic subgroup, which is convenient later for 
computation of Jacquet modules. 

2.3.4. Freudenthal structurable algebras. Finally, we recall that associated to the 
chain of composition algebras k C K C B C C, there is a chain of Jordan algebras 
Jk Jk <^ Jb C Jc, and thus a chain of structurable algebras of Freudenthal type: 

FkCFKCFeC Fc. 

Each one of these structurable algebras has a onc-dimcnsional subspacc of trace 
zero elements. Allison's construction yields embeddings of algebraic groups (up to 
some isogeny) 



G'p, C G', 



Fk 



C G^^ c Gfci 



compatible with two-step "Heisenberg" parabolic subgroups Pf = LfUf- 
tabulate the possibilities in the following: 



We 



Jordan Algebra 


Jk 


Jk 


Jb 


Jc 


Dimension of F 


14 


20 


32 


56 


Type of Gf 


F4 


Ee 


E7 


Eg 


Type of Levi L p 


C3 


A5 


De 


E7 



3. Theta correspondence 

The main result to be proven in this paper is a bijcctivc dichotomy: 

Irr°(FGL3) 

Irr°(G2) - Irrls^iniPOSpe) U -g^^- 

In this section, we begin the proof of this main result. Wc use theta correspondences 
in Eq and Er to describe maps for the above dichotomy. Beginning with a generic 
supercuspidal irrep r of G2, 



DICHOTOMY FOR GENERIC SUPERCUSPIDAL REPRESENTATIONS OF G2 17 

• We will define Qq{t), a representation of PGL^, and Qj{t), a representa- 
tion of PGSpe. 

• If QeiT) = 0, then Qj{t) has a unique generic supercuspidal irreducible 
subrepresentation. 

• Otherwise, and if p 7^ 2, then Qeir) has a unique, up to contragredience, 
generic supercuspidal irreducible subrepresentation. Even if p — 2, Qq{t) 
is a multiplicity- free supercuspidal representation of PGL3. 

By establishing these facts, we establish a map in this section, when p ^ 2: 



A:Irr°(G2)^Irr°(PG5p6)U 



Irr°(PGL3) 



"^"^ Contra ' 

where A(t) is either the unique (up to isomorphism) generic supercuspidal sub- 
representation of 07(t) or the unique (up to isomorphism and contragredience) 
generic supercuspidal subrepresentation of g (t) . 

3.1. Minimal representations. Let Ilg and Ily denote the minimal representa- 
tions of the adjoint simple split groups Eq and Ej, respectively (we refer to [TT] for 
definitions and properties of minimal representations). Let ct be a supercuspidal 
irrep of PGSpe, let r be a supercuspidal irrep of G2, and let p be a supercuspidal 
irrep of PGL3. We define the following: 

97(0-) = HompGSj96('^'n7), and Qrir) = HomG2(r,n7). 

Of course, we view 07((t) as a representation of G2, and 07(t) as a representation 
of PGSpe, via the dual pair (see Section !^. 3. 3^ : 

PGSpe X G2 ^ E7. 

Observe here that we consider embeddings of a and r as subrepresentations rather 
than the more commonly used quotients; however, the injectivity and projectivity 
of supercuspidals in the category of smooth representations implies that nothing is 
lost. Note that a 87(ct) is naturally a {PGSpe, cr)-isotypic subspace of Hj, and 
87(t) K1 t is naturally a (G2, r)-isotypic subspace of Hj. 
Similarly, we define 

Qe{p) = RompGLsiPi^e), and Qair) = HomG2(T,n6). 

Here, we view Qg{p) as a representation of G2 and 66(''') as a representation of 
PGL3, via the dual pair 

PGL3 X G2 Eg. 

Observe that p H 66(p) is naturally a (PGia, p)-isotypic subspace of Ilg, and 
9 6 (t) KI t is naturally a (G2 , r)-isotypic subspace of Hg . 

3.2. Whittaker functionals. Let N2 and be the unipotent radicals of Borel 
subgroups of G2 and PGSpe, respectively. Let 1P2: N2 — > and ^3: N3 

be generic (principal) characters. Since G2 and PGSpe are of adjoint type 
these characters are unique up to conjugation by the tori of the respective Borel 
subgroups. For this reason, r and a are unambiguously called generic (rather than 
■02-generic and i/'s-generic) if tn^,^)^ and cr^^^^^ ^ respectively. 

More generally, when G is a split adjoint semisimple group over k, and tt is a 
smooth representation of G, we write Wh^ (tt) for the space of Whittaker functionals 
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on TT, with respect to some maximal unipotent subgroup N of G and principal 
character ip of N: 

WhG(7r) = Hom7v(7r, 

Thus, T is called generic if Wh^^ {t) ^ and a is called generic if Whpcspg (^) 0- 
It is important to recall a few equivalent formulations of Whittaker functionals 
and genericity. While well known, a good treatment can be found in the work of 
Casselman and Shalika f7\. First, since tt^v,^ is the maximal quotient on which N 
acts via ip^ we find canonical isomorphisms 

WhG(7r) = HoniAr(7r, V-") = HomAr(7rAr,^, ■(/;) = Homc(7rjv,^, C). 

In particular, dim(WhG(7r)) = dim(7rAr^,) if one of these vector spaces is finite- 
dimensional. 

Next, by Frobenius reciprocity, observe that 

WhG(7r) — IIomAr(7r, ip) = HomG(7r, Ind^ 

If TT is a generic irrep of G, so WhG(7r) is nonzero, then tt embeds as a subrepresen- 
tation of Ind^^. The image of tt via such an embedding is uniquely determined 
by tt; it is called the Whittaker model of tt. 

On the other hand, we often consider the Gelfand-Graev representation c-Ind^ -0; 
since this is a submodule of Ind^ ip, we find an injective linear map 

HomG(7r, c-Ind^ iJj) ^ HomG(7r, Ind^ ip) = WhG(7r). 

In particular, the only irreps of G which occur as subrepresentations of a Gelfand- 
Graev representation are generic irreps, and moreover the uniqueness of Whittaker 
models implies that 

dim 

HomG(7r,c-Ind^ V) < 1 

for any irrep tt of G. 

While perhaps not all generic irreps occur as subrepresentations of the Gelfand- 
Graev representation, we can say more about generic supercuspidal irreps. Corol- 
lary 6.5 of 7 directly implies 

Proposition 3.1. Suppose that n is a generic supercuspidal irrep of G. Then tt 
occurs as a subrepresentation o/c-lnd^'0- 

Namely, the Whittaker model of a generic supercuspidal irrep of G - a priori a 
G-submodule of Ind^ -0 - is in fact a G-submodule of c-Ind^ ip. 

3.3. Useful facts. We will be proving that certain smooth representations of G2 
have no generic supercuspidal subrepresentations. To this end, it is useful to have 
a few criteria that exclude such representations of G2. 

Proposition 3.2. Let tt be a smooth irrep 0/G2. Let H be a subgroup 0/G2, such 
that H is isomorphic to SL3 over an algebraic closure k of k. Lf tth ^ (there 
exists a nonzero H -invariant linear functional), then tt is not generic. 

Proof. Every such A2 subgroup H of G2 is conjugate over k (by the theory of 
Borel and De Siebenthal |5 ). All such subgroups arise as stabilizers of quadratic 
subalgebras of O. Lemma 4.10 of [20 now implies the result. □ 
For n > 4, consider the commuting pair of split groups over k: 

B3 X B„_4 ^ D„, 
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where B3 = SO7, B„_4 ~ S02n-7, and D„ = S02n are split classical groups 
labelled by their type. We regard Bq as the trivial group. Embed G2 into B3 via 
the action of G2 on Oo- 

Proposition 3.3. Let n„ denote the minimal representation of D„ for n > 4. 

Then, as a smooth representation 0/G2, n„ does not have any generic supercuspidal 
subrepresentations. 

Proof. We prove this by induction on n. For the base step, when rt = 4, the 
proposition follows directly from Corollary 5.2 of ^25'. 

When n > 4, consider a maximal parabolic subgroup P = MN of D„ whose 
Levi component M satisfies 

G2 C B3 C D„_i c M = G02„-2. 

The adjoint representation of M on N is the standard representation of G02n-2; 
A'^ is a {2n — 2)-dimensional vector space over k with nondegenerate symmetric 
bilinear form. Let U C N he the set of isotropic vectors in N. By Theorem 1.1 of 
[35j . there is a filtration of the minimal representation n„, as a representation of 
P: 

C^{fl) -> n„ ^ (n„_i O |det|5^) © |det|^ ^ 0. 
By induction, the minimal representation n„_i of Dn-i does not support any 

generic supercuspidal representations of G2- The character |det| ^"-^ supports noth- 
ing but the trivial representation of G2. 

Finally, the representation C^(ri) of G2 arises from the action of G2 on the set 
of isotropic vectors in TV. The stabilizer of such a vector in G2 is a subgroup of 
type A2 as discussed in the previous proposition, a subgroup isomorphic to [Q, Q] 
for a maximal parabolic Q C G2, or else all of G2. By the previous proposition, 
no generic supercuspidal irreps of G2 have vectors fixed by an A2 subgroup. No 
supercuspidal irreps have vectors fixed by [Q,Q]- No nontrivial irreps have vec- 
tors fixed by all of G2. Hence no generic supercuspidal irreps of G2 occur (as 
subrepresentations) in the restriction of n„ to G2. □ 

3.4. Analysis of the correspondence. Here we begin the analysis of the theta 
correspondences in Eq and E^j, focusing on generic supercuspidal representations. 
We start with the following proposition, which is primarily a consequence of results 
in the literature. 

Proposition 3.4. Let a be a generic supercuspidal irrep of PGSp%. Then 07(cr) 
is a supercuspidal and multiplicity-free representation of G2 . Every irreducible sub- 
representation of 07(17) is generic. 

Proof. First, we prove that 07(cr) is supercuspidal. There are two maximal para- 
bolic subgroups (up to conjugacy) of G2 which must be considered. 

Heisenberg Three-step 



Heisenberg: Suppose first that Q2 = L2U2 is the Heisenberg parabolic sub- 
group of G2. If 97(ct)(72 ^ then a occurs {Yi'j)u.2- The structure of 
{Ji'j)u2 as an PGSp% x L2-module has been described in [3S], Theorem 7.6. 



20 



GORDAN SAVIN AND MARTIN H. WEISSMAN 



More precisely, one can pick a maximal parabolic subgroup Q7 = L7U7 
in E7 such that Q7 n G2 = Q2 and PGSpg x L2 is contained in the Levi 
factor L7 (using the construction of Section B.3.4p . Then we have a natural 
map 

By Theorem 7.6 of [35], the kernel of this map does not support any super- 
cuspidal representations of PGSpe. In particular, a must occur in {11^)1;^. 
By the same result of [35 , the representation (117 )[/^, as a representation 
of L7, has constituents with wave front set supported in the closure of the 
minimal nilpotent orbit; the constituents are essentially a minimal represen- 
tation and a trivial representation of L7. Note that L7 is a split reductive 
group CSpin^2 of type Dg. 

The dual pair PGL2 x PGSpe in a group of type Dg is addressed in 
Section 8 of }37j, and no generic supercuspidal representations of PGSpe 
can occur. Thus no generic supercuspidal irreps of PGSpe occur in {11^)1/^. 
Therefore e?!^)^/^ = 0. 
Three-step: Now, suppose that Q2 = L2U2 is the three-step parabolic sub- 
group of G2. The structure of {117)1/2 PGSpe x L2-inodule has been 
described in [38], Proposition 6.8. If Q7{a)u2 Oj then a occurs in {U7)u^. 

One can pick a maximal parabolic subgroup Q7 = L7U7 in E7 such that 
Q7 n G2 — Q2 and PGSpg x L2 is contained in the Levi factor L7. Such 
a parabolic subgroup is discussed and called Pi in Section 4 of |38]. Then 
we have a natural map 

illr)u2 ^ (n7)c/.. 

The results of Proposition 6.8 of [38] imply that the kernel does not support 
any supercuspidal representations of PGSpe. In particular, if a occurs in 
(n7)[/2, then a occurs in {Il7)u^. L7 is isogenous to GL2 x PGLq. 

By considering the Iwahori-fixed vectors, any L7 constituent of the rep- 
resentation (117) is an Iwahori-spherical representation of GL2 x PGLq 
associated to the reflection or trivial representation of the Iwahori Hecke 
algebra of PGLq. Thus {Il7)u^, as a representation of PGLq has all con- 
stituents appearing in degenerate principal series representations. Such 
degenerate principal series restrict to degenerate principal series represen- 
tations of PGSpe, which are not generic. 

It follows that a cannot occur Therefore Qt{(t)ij2 = 0. 

Thus 07(cr) is a supercuspidal representation of G2. It follows that 07(cr) is 
semisimple - a direct sum of supercuspidal irreps. 

Next, we recall that Wh.pGSp6(^7) — (^7)n3,iI!3 is the Gelfand-Graev module for 
G2 ([TO], Proposition 17): 

WhpGSpe(n7) =C-Ind^^^(V'2). 

Since cr is a generic irreducible supercuspidal representation of PGSpe, Whpcspe ("■) 
is one-dimensional, and the embedding a M 07(cr) into 117 gives an embedding of 
9 7(0-) into the Gelfand-Graev module for G2- 

Since generic (and only generic) supercuspidal irreps appear as subrepresenta- 
tions of the Gelfand-Graev module, and each appears with multiplicity one, we 



DICHOTOMY FOR GENERIC SUPERCUSPIDAL REPRESENTATIONS OF G2 



21 



have shown that &i{a) is a multiphcity-free (though at this point, possibly empty) 
direct sum of generic supercuspidal irreps of G2 . □ 
To summarize the previous proposition, we have found that if ct is a generic 
supercuspidal irrep of PGSpe , then 

where the right hand side denotes a (possibly empty and possibly infinite) direct 
sum of distinct (pairwise non-isomorphic) generic supercuspidal irreps of G2 ■ 

Next, we consider Qq{t), when r is a generic supercuspidal irrep of G2, using 
the same methods as the previous proposition. 

Proposition 3.5. Let t be a generic supercuspidal irrep 0/G2. Then Q6{t) is a 
supercuspidal and multiplicity-free representation of PGL3. 

Proof. First, we demonstrate that 06(''') is supercuspidal. There are two maximal 
parabolic subgroups (up to conjugacy) of PGL3 which must be considered. 

Line Plane 



ai a2 



Plane-stabilizer: Let Q2 — L2U2 be the maximal parabolic subgroup of 
PGL3 stabilizing a plane in the standard (projective) representation on k^. 
There exists a parabolic subgroup Qe = LeUg of Eg for which QeflPGLs = 
Q2 and Ug nPGLa = U2. 

Theorem 4.3 of (3S] describes (n6);72 as a GL2 xG2-modulc; in particular, 
the kernel of (n6);72 ~^ (^6)ue does not support any supercuspidal repre- 
sentations of G2. It follows that Qq{t)ij2 K1 t is a {GL2 x G2)-submodule 
of 

(ne)u, = (Hs |det|) © (1 «) |det|^), 

where lis is the minimal representation of the Levi Lg of type D5. But 
no generic supercuspidal representations of G2 occur in the restriction of 
the minimal (or trivial) representation of SpiniQ by Proposition 13.31 Thus 

Q6{t)u, = 0. 

Line-stabilizer: Let now Q2 = L2U2 be the maximal parabolic subgroup 
of PGL3 stabilizing a line in the standard representation. Although Q2 
in not conjugate to a plane-stabilizing parabolic Q2, there exists an outer 
automorphism of PGL3 which exchanges these two types of maximal par- 
abolic subgroups. Furthermore, this outer automorphism extends to an 
outer automorphism of Eq. The uniqueness of the minimal representation 
of Eq now demonstrates that &e{T)(j^ = as well. 

Hence we find that Qg{t) is supercuspidal. Let N2 denote the unipotent radical of 
a Borel subgroup of PGL3, and let ■02 be a generic character of TVj. Let N2 be the 
unipotent radical of a Borel subgroup of G2. By Proposition 17 of [TUj, it is known 
that the G2-Whittaker functional of Hg yield the Gelfand-Graev representation of 
PGL3: 

WhG,(ng) = {ne)N„^, - c-Ind;^?^^ C^^. 
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Thus since t is a generic supercuspidal irrep of 6*2, the same arguments as in 
Proposition 13.41 imply that Q g (''') is a multiphcity-free semisimple representation 
of PGL^: 06(''') is a direct sum of pairwise non- isomorphic (automaticaUy generic) 
supercuspidal irreps. □ 
It is more complicated to analyze 67(t) when r is a generic supercuspidal irrep 
of G2, since 07(t) may or may not be supercuspidal as a representation of PGSpe. 
But we may consider the maximal supercuspidal (as a representation of PGSpe) 
submodule 87(r), which fits into a split short exact sequence: 



0^ e?( 



e7(r) 



^(r)^0. 



Proposition 3.6. Let Q3 denote the Sieg el parabolic subgroup o/PGSpg (a maxi- 
mal parabolic subgroup with abelian unipotent radical). Then the PGSpg-module 
9y^(T) is a submodule 0/ Indg^'^^'' ©eC''') ® |det|. In particular, 9"''(t) is a 
(possibly empty and possibly infinite) direct sum of finite-length representations of 
PGSpQ. If Q q{t) ~ 0, then 67(t) is supercuspidal. 

Proof. We consider the Jacquet modules of 97(t), for the three (conjugacy classes) 
of maximal parabolic subgroups in PGSpg: 



Heisenberg Other 



Siegel 



a2 



0:3 



The global analogues of the following computations are carried out in Case (4), of 
the proof of Theorem 3.1 of [16 . 

Heisenberg: First, let Q3 = L3U3 be the "Heisenberg parabolic", whose 
Levi component L3 is a split group CSpin<^ = GSp^. We find that ajj^ ^ t 
is a quotient of (117)^/3 as representations of L3 x G2. The unipotent group 
U3 is 5-dimensional, with 1-dimensional center Z3 ; there exists a parabolic 
subgroup Q7 — L7U7 of E7 such that L7 is isomorphic to CSpin]^2i ^^'^ U7 
is a Heisenberg group of dimension 33 (with one-dimensional center Z7). 
Furthermore, one may choose this parabolic subgroup in such a way that 
Q7 n PGSpe = Q3, U7 n PGSpg = U3, and Z7 = Z3. Furthermore, this 
gives an embedding, L3 x G2 ^ L7 = CSpinj^j- 

Now, Q7{t)ij^ K1 t is a subrepresentation of {J\-!)ij^. To study (H7)(73, 
we examine a commutative diagram with exact rows and columns: 











■w- 



(n7)i 



(n 



1)U3 



(n7) 
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Here ft denotes the smallest nontrivial Lr-orbit in the 32-dimensional vec- 
tor space Ut/Zj] this can be identified with the 15-dimensional quotient 
CSpini2/Qe, where Qg is a minuscule maximal parabolic subgroup (with 
Levi subgroup of type A^) of CSpini2. Geometrically, can be viewed 
as a Grassmannian of isotropic 6-spaces in the 12-dimensional standard 
representation V of Spini2. 

From Theorem 6.1 of [35 , the kernel of (nr)^^ — > (ny)^/^ can be identi- 
fied, as a Qy-module, with C^(ri). We are led to consider the action and 
orbits of G2 X Spine, on f2. It helps to study the action of Spin^ x Spine, 
on f2. Here the embedding of Spin-; x Spin^ in Spini2 corresponds to a 
decomposition V = V7 © V5 of the standard representation of Spini2. 

Such actions are studied by Kudla, in Proposition 3.4 of 32 . li oj G fl 
corresponds to an isotropic 6-space A^, then the projection of A^^ onto V7 
is at least one-dimensional. It follows that lo is stabilized by some maximal 
parabolic subgroup Q of Spin^. 

It follows that the stabilizer Si^ of lo in G2 contains a maximal parabolic 
subgroup of G2 , or S^ contains a subgroup of type A2 (by the arguments of 
Proposition [TTT]). If S^^ contains a maximal parabolic subgroup of G2, then 
C^{G2/ S^) does not support any supercuspidal representations of G2. If 
Sui contains a subgroup of type A2, then C'^{G2/ S^i) does not support 
any generic supercuspidal representations of G2 by Proposition 13.21 Thus 
(fi) does not support any generic supercuspidal representations of G2 ■ 

Since Ker {{Jl'j)u,. (Uj)u^) is a quotient of C^{Q) (by the snake 
lemma), we find that Sr{T)u^ Kl r is a subrepresentation of (nj)u^. But 
this implies that r occurs in the restriction of the minimal representation of 
Spini2 or else Q'j{t)u3 = 0. By Proposition 13.31 no generic supercuspidal 
representations of G2 occur in this restriction. It follows that Q'j{t)u^ — 0. 
Other: Next, let Q3 = L3U3 denote the "Other parabolic", with L3 isoge- 
nous to GL2 X SL2 ■ The unipotent radical U3 has three-dimensional center 
Z3, and four-dimensional quotient U3/Z3. Z3 can be identified with the 
space Mo of two- by- two matrices with trace zero, and U^/Z^ can be iden- 
tified with the space M of all two- by- two matrices. 

We find that Qt{t)u^ Mt is a subrepresentation of (Hy)^/,, as represen- 
tations of L3 X G2. 

There exists a parabolic subgroup Qy = L7U7 such that L7 is isogenous 
to CSpiniQ X SL2, U7 is a two-step unipotent group with 10-dimensional 
center Z7, and Q7 nPGSpg ~ Q3 and L7 nPGSpg = L3. Z^ can be iden- 
tified with the space Mo © Oo of pairs {m,uj), and Ut/Z'; can be identified 
with the (32-dimensional) space M O. This arises from the construction 
of Section [2.3.3l This parabolic arises in a similar computation in [38 , and 
our Q7 corresponds to the parabolic called P and associated to the vertex 
a4 in [38] . 

There are natural short exact sequences which we describe and analyze 
below: 

^ c^{n,s) ^ (n7) ^ (n7)z. ^ o, 
^ c^{n') ^ (n7)z, ^ (n7)c/, ^ o. 
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Here ft is the set of nontrivial characters uj of Z7 for which (n7)zY,uj ^ 0. 
On r2, iS is a Qy-equivariant sheaf whose fibre over w S 51 is an irreducible 
representation of U7 with central character corresponding to lu. One can 
compare this to Section 6 of 38J. 

Similarly, il' is the set of nontrivial characters of C/7 for which (ny)^/^ .!^ 7^ 
0. Identifying characters of C/7 with O ® M, a minuscule representation of 
L7, can be identified with the quotient L-^/Pq where Pg is a minuscule 
parabofic subgroup of Lj. 

Taking U3 co- invariants in each of the short exact sequences, we are 
led to consider C^{n,S)u^ and C^{Q')u^. In the first case, we find that 
C^{n,S)u^ is a quotient of C^{n,S)z3- We compute 

where il^^^ can be identified: 

= {(m, oj) e Mo © Oo : N{uj) - 7V(to) = and to 0} 
= {w e O : = 0}. 

It follows that 

where is the fibre of S over G O, which satisfies uj'^ — 0, and Puj is the 
maximal parabolic subgroup of G2 stabilizing cu. The representation S^^ 
of factors through the Levi quotient L^^ = GL2 of P^j- It follows that 
C^(ri,iS)z3 and hence {fl, 8)1/3 docs not support any supercuspidal 
representations of 6*2. 

Next we are led to consider C^{fl'). Every point of fi' corresponds 
to an isotropic 5-plane A in Oo ® Mo (the standard representation of 
CSpiriiQ C L7), since CSpinio acts via the Spin representation on Ut/Zj. 
The projection of A onto Oo is at least 2-dimensional; hence A is stabilized 
by a maximal parabolic subgroup of Spin^ C SpiniQ. Hence A is stabilized 
by a maximal parabolic subgroup of G2, or by a subgroup of type A2 in 
G2. It follows that C^(r2') does not support any generic supercuspidal 
representations of G2 using Propositions 13.21 and 13.31 

By the snake lemma argument as before, we find that Qt{t)u^ Mt occurs 
as a subrepresentation of {IIy)ut The representation {IIy)u7 of has 
wave front set supported in the minimal orbit. If Qi{t)ij.^ were nontrivial, 
then r would occur in a theta correspondence G2 x {Spin(3) x SL2) C 
CSpiriiQ X SL2. But no generic supercuspidal representations of G2 occur 
in such a corresponence, by Proposition 13. 31 Hence Q7{t)ij3 — 0. 
Siegel: Finally, let Q3 ~ L3U3 denote the "Siegel parabolic", with L3 = 
GL3. We find that 67(t)[/3 KIt is a subrepresentation of (ni)ij^, as repre- 
sentations of GL3 X G2. Let Q7 denote a maximal parabolic subgroup of E7 
whose Levi component has derived subgroup Eg, such that Q7nPGSpg = 
Q3. These embeddings and parabolics arise from the construction of Section 
12.3.21 By Theorem 5.3 of [35], the kernel of {n7)u3 {^7)u7 does not sup- 
port any supercuspidal representations of G2. It follows that 97(r)c/3 M r 
is a subrepresentation of {H7)[/^. 
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By Theorem 5.3 of [35] again, there is a G2 x GL^-module isomorphism 
{nj)ur = (He ® |det|) © (l ® |det|^) . 
Taking (G2, T)-isotypic components, we find an isomorphism of Gis-modules: 
e7(r),73 = e6(T)cg)|det|. 

For the rest of the proof, let Q3 = L3U3 denote the Siegel parabohc subgroup of 
PGSpg. The previous computations and Frobenius reciprocity yield a morphism 
of PG5p6-inodules: 

ej{T) Ind^f'^P" Qeir) |det| . 

Moreover, the kernel of this morphism is a submodule of 67(t) whose C/3-coinvariants 
vanish. But since all other (with respect to the Heisenberg parabolic and "Other" 
parabolic) Jacquet modules of 67(t) vanish, the kernel of this morphism is a su- 
percuspidal PGS'pg-submodule of Qjir). Conversely, every supercuspidal PGSpe- 
submodule of O 7(t) is contained in the kernel of the morphism, since supercuspidals 
do not occur as subrepresentations of parabolically induced representations. 
It follows that there is an injective morphism of PG Spe-modules: 

er(r) -^Ind^f^^« eeM® |det|. 

The previous proposition implies that there exists a set of pairwise nonisomorphic 
supercuspidal irreps {pi}iei of PGL3, such that 

©6(r)-0p.. 

It follows that there is an injective morphism of PGS'pg-niodules: 

0rW--0Ind2f'V®|det|. 

iei 

Although there may be an infinite number of summands on the right side above, 
only finitely many lie in any given Bernstein component for PGSpe. We find 
that Q (r) is a (possibly infinite and possibly empty) direct sum of finite- length 
representations of PGSp%. Moreover, if &(,{t) = 0, then Q^'^{t) vanishes, and so 
9 7 (r) is supercuspidal. □ 
To synthesize the previous propositions, we find that for any generic supercus- 
pidal irrep r of G2, there is a set {cjljgj of supercuspidal irreps of PGSpe, a set 
{pi}iei of supercuspidal irreps of PGL3, and a set of finite-length PGSpe modules 
{Trjig/ satisfying: 

QjIt) = o-j ® TT., and TT, C Indgf p, for aU i e I. 

jeJ iei 

The above decomposition refines the decomposition of 07(t) into supercuspidal 
and non-supercuspidal parts: 

e?(T) ^^a, and er(r) =077^. 

jeJ iei 
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Proposition 3.7. Let t be a generic supercuspidal irrep of G2. Let {<Jj}jeJj 
{pi}iei o-n-d- {T^i}iei be the representations of PGSpe, PGL3, and PGSps in the 
above decomposition. Then 07(t) is nontrivial (so LU J ^ $). Moreover, exactly 
one of the following statements holds: 

(1) There exists exactly one j (z J such that aj is generic. There does not exist 
i Cz I such that tt^ is generic. 

(2) There exists exactly one i d I such that iTi is generic. There does not exist 
j e j such that TTj is generic. 

Proof. For r a generic supercuspidal irrep of G2, t occurs witli multiplicity one in 
the Gelfand-Graev module: 

dim (Roma^iT, c-Ind^^ = 1- 
But using Proposition 17 of 10] again, 

WhpG5pe(n7) - (n7)w3,^3 = C-Ind^^(V2)- 

Thus we find that 

dim(HomG2(T, (n7)Ns,i>J} = dim (Homca (r, Hy))^^ = 1. 

Thus WhpGSpei^vi''')) is one-dimensional. In particular, 07(r) is nontrivial. 
Now, we apply the decomposition: 

^7(t) = © and tt, C Ind^f ^p** p, for all i e /. 
jeJ iei 
Taking Whittaker functionals, we find 

WhpGSpe(e7(T)) - WhpG5p6(<T, ) (B ^WhpGSp.M- 

jeJ iei 

Since the left side is one-dimensional, precisely one summand on the right side 
is one-dimensional and all other summands on the right side vanish. The result 
follows immediately. □ 
When the residue characteristic p is odd, the representations Indg^"^^" (p (g) |det|) 
are irreducible and generic, whenever p is a supercuspidal irrep of PGL3. This 
significantly simplifies the analysis of the theta correspondence, in the following 
way: 

Proposition 3.8. Suppose that p ^ 2. Let r be an generic supercuspidal irrep of 
G2. Then if Qe{T) 7^ then Qe{T) has a unique irreducible subrepresentation, up 
to contragredience: Q q{t) = p(S p for some supercuspidal irrep p of PGL^. 

Proof. If p is a irreducible subrepresentation of e (r) (and hence p is generic and 
supercuspidal), then pKlr occurs as a quotient (by the injectivity and projectivity 
of supercuspidals) of the minimal representation Hg of the adjoint group Eq. But 
we have seen that if Q3 — L3U3 is the Siegel parabohc subgroup of PGSpe, then 
there is a surjective map of GLa-modules: 

07(r)t/3 ^ (p0 |det|). 
By Frobenius reciprocity, we find a nontrivial map of PGS'pg-modules: 

e7(r)^Ind^fP« (p®|detl). 
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Let TT denote this induced representation, tt = Indg^'^^" (p (g) |det|). Since p ^ 2, 
the representation p is not self-contragredient, and so tt is an irreducible generic 
representation of PGSpe . 

Thus TT must be the unique generic summand of Orir) in the decomposition 

©7(r)=0a,©07r,. 

By the geometric lemma and Frobenius reciprocity (using the fact that p is super- 
cuspidal), the only representations of GL^ which parabolically induce to give this 

representation tt of PGSpe are p and its contragredient p. Hence Q6{t) contains a 
unique irreducible subrepresentation up to contragredience, and this irrep and its 
contragredient are supercuspidal. This demonstrates that 

p C Qeir) dp® p. 

Lastly note that the map ©7(r) — > tt is surjective, from which it follows that 
the map 

is also surjective. But both p^ |det| and p<8) |det| occur in Trj/g. Since Q'j{t)u3 — 
Q6{t) ® I dot I, wc find that both p and p occur in 86(t). □ 
Using the previous propositions, we find that (regardless of residue characteris- 
tic): 

Theorem 3.9. Suppose that t is a generic supercuspidal irrep of G2- Then ei- 
ther there exists a unique generic supercuspidal irreducible subrepresentation a of 
07(t) or else there exists a unique - up to contragredience - generic supercusp- 
idal irreducible subrepresentation p of ©6(t) for which the generic summand of 
IndQf'^P''(p(g) |det|) occurs in Qrir). 

In this way, the theta correspondences yield a map: 

A:l.rliG2)^lrrliPGSp,)U^-^, 
T I— > C7 or {p,p}. 

When p 7^ 2, we find that the dichotomy map is given somewhat simply by 

a if G6(t) = 
{p,p} if 6 6 (r) 7^0 

However when p = 2, it is possible a priori that a self-contragredient supercuspidal 
irrep p occurs as a summand of 0g(T), the non- generic summand tt of Indg^"^^" p(E) 

|det| occurs as a summand of 7(t), and still a generic supercuspidal representation 
of PGSpQ occurs as a summand of 07(t). We cannot yet exclude such a strange 
possibility. 

4. Shalika Functionals 

4.1. The Shalika subgroup. It is convenient hereafter to view GSpg in the tra- 
ditional way, as a group of symplectic similitudes. Wc let M2 denote the abelian 
unipotent algebraic group of two by two matrices (under addition); if (/ is a matrix, 
we write g^ for its transpose. 



A(r) 
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Let GSpg be the algebraic group of symplectic similitudes: 

GSpg = {g £ GLe : gJ?,g^ = sim(g) • J3 for some sim(g) G GLi}. 

The resulting character sim: GSpg GLi is called the similitude character. 

Let Q3 = L3U3 be the maximal parabolic subgroup of GSpg, with Levi com- 
ponent 



(JL 







V 















det(fif ^h) ■ g 



:g,hG GL2 



and unipotent radical 



U3 



V 



X 







Y 



:X,Y,Zg M2, XJ + JY'^ = 0,ZJ+ JZ^ = -XJX^ 



I J 



The center of U3 is three-dimensional, 
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ZJ + JZ^ = 



There is an isomorphism of unipotent groups U3/Z3 M2, given by 
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z ' 
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Y 











There is also an isomorphism of reductive groups L3 GL2 x GL2 given by 



9 





' \ 
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^{g,h) 








det{g-'h)-g ) 



With these identifications, the conjugation action of L3 on U3/Z3 is given by 

{g,h)-X = gXh-\ 

Let A : GL2 GL2 x GL2 = L3 denote the diagonal embedding (there should be 
no risk of confusing this A with the dichotomy map in other sections). If 5 G GL2, 
then A (5) is identified with an element of L3 C GSpg: 



(a 







A(5) = 


9 





V 





9 J 



Then, we write S for the "Shalika subgroup" : 

S = A(GL2) K U3 C Q3. 
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Observe also that the Shalika subgroup has another interpretation: If A is any k- 
algebra, consider the degenerate cubic ^-algebra A[e]/(e'^). Then there is a natural 
inclusion (of codimension 1): 

S{A) c GL2 iA[e]/{e')) . 

Define a character ■03 of U3 by ■03 (m) = ipk{— Tr(X)) (for a matrix u e U3 pro- 
jecting to X G M2 = U3/Z3). A{GL2) is precisely the centralizer of the character 
■03 in L; hence the character ■03 can be extended uniquely to a character 05 of S 
such that 0s(A(g)) = 1 for aU g e GL2. 

When CT is a smooth representation of GSpe, we define the space of Shalika 
functionals by 

Sh(cr) = Homs((T, ^As). 
Note that, if a has a nonzero Shalika functional, then the central character of a 
is trivial. The main goal of this section is to demonstrate that for supercuspidal 
irreps cr of PGSpe, dim(Sh(CT)) < 1 - the "uniqueness" of Shalika functionals. 

Our methods are similar to many other papers; we mention the work of Jacquet 
and Rallis [27], who prove uniqueness of Shalika models for GL2n- The fc-points 
of their "Shalika subgroup" can be identified with GL„ {k[e]/{e^)). While their 
Shalika functionals are related to a degenerate quadratic algebra, ours are related 
to a degenerate cubic algebra. 

4.2. Double cosets. If g £ GSpe, then its transpose is also an element of GSpQ, 
and the transpose is an involution (anti-automorphism of order two) of GSpg. If 
H C G is an algebraic subgroup, we write for its transpose. 

We will require an explicit description of the double cosets Qj\GSpg/Q3 as 
well as S''^\GSpg/S. As Q3 is a maximal parabolic subgroup of GSpg, the first 
is a routine computation; it suffices to find representatives for double cosets in the 
Weyl group of type C3, modulo the parabolic subgroup of type Ai x Ai. For this, 
we define elements of GSpg corresponding to simple root refiections a, b, c (though 
we refrain from identifying a maximal torus, Borel subgroup, et cetera): 



* 

a 








b 






c 











° \ 






/ / 









a= 


/ 





,c 







J 





V 





J 1 






I 











I 1 














\ 














1 















b = 







-1 
































1 






















-1 














V 

















1 


) 





Proposition 4.1. The algebraic variety GSpg can be decomposed as a finite dis- 
joint union 

GSpg = □ QjaQ3, 

ctGE 

where 

E = {1,5, bcb, bacb, bcabacb}. 
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Proof. The nontrivial shortest representatives for double cosets in the Weyl group 
are given by words in a, b, c, which begin and end with b. These can be found by 
direct computation, using the relations in the Coxeter group. □ 
Define an embedding rj of GL2 into L3 by: 













9 











det(g) • / / 



Then it can be easily verified that: 

L3 = A(GL2)?7(GL2) = r7(GL2)A(GL2). 
The previous proposition now implies 

Corollary 4.2. The algebraic variety GSpg can be decomposed as a disjoint union 
GSpe = y ST,y(GL2)a77(GL2)S. 

Let R = QJctQs be a double coset in GSpg. Then we find that 

RT ^ QT(aT)Q3 = R. 

If s G S*, then we define a character ifg of by 

4.3. Distributions. If X is a subset of GSp^ and X = S'^XS', then there is a 
natural action x p of S*^ x 5 on C^{X), given by: 

[iis)pit)f]ix) = [pms)f]{x) = fis-'xt), 

for edl s e S~^, t e S, X e X, f e C^iX). If T is a distribution on X, i.e. T is 
a linear functional on C^{X), then we say that T is (S*, V', T)-invariant if for all 
s G i G 5, / e C^{X), 

Tms)p{t)f)=^Pl{s)4's{t-')T{f). 

We frequently apply the following restrictions on the support of such distribu- 
tions: 

Rl: If s G 5, ,g G G, gsg^^ G S*^, and V's(s) 7^ i^^igsg^^), then the coset 

S'^^gS does not support any (S, ^p, T)-invariant distributions. 
R2: If s G S*, 5 G G, g~^s'^g G S, and V's('S^) '^s{g~^s'^ 9), then the coset 
gS does not support any (S, tp, T)-invariant distributions. 
These restrictions follow directly from Bernstein's localization principle; this method 
is used often in the study of Shalika and Whittaker models, and we point to the 
recent work of Jiang, Nien, and Qin [28] for an example similar in spirit. 

We will also apply the following criterion to prove transpose-invarinace of distri- 
butions: 

TI: If g G G, and there exist si,S2 G 5 n 5^ = A(Gi2) such that Sigs2 — 
g~^ , then any (S*, V', T)-invariant distribution on S~^gS is also transpose- 
invariant. 

Following the methods of Gelfand-Kazhdan [14] , we prove the following 

Theorem 4.3. Let R = QjcrQs be a double coset in GSpQ. Suppose that T is a 
{S,Tp,T) -invariant distribution on R. Then T is transpose-invariant. 
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Proof. We prove this theorem, by analyzing the five cosets QjaQs individually. We 
whittle down the support of such a distribution T using the restrictions (Rl) and 
(R2), and prove transpose- invariance using criterion (TI). 

a = 1: For cr = 1, we are led to consider distributions T on R = Qj ■ = 
Uj ■ L3 ■ Us. Since Z/3 normalizes both U3 and Uj the (S, T)-invariant 
distributions T on R arc in natural correspondence with distributions on 
L3 which are A(GL2) bi-invariant. 

Thus we are led to consider the orbits for the action a of A(GL2) x 
A{GL2) = GL2 X GL2 on L3 = GL2 X GL2, given by: 

a{g,h){x,y) = {gxh,gyh). 

Clearly every clement (x, y) G L3 ^ GL2 x GL2 is in the same orbit as 
{l,x~^y). Furthermore we find that for all g G GL2, (1, is in the same 

orbit as (l,^^"^^^"^). Finishing this analysis, we find that the orbits of 
GL2 X GL2 on is arc in natural bijcction with the orbits of GL2 on Gi2 by 
conjugation. Furthermore, this bijection is compatible with the transpose 
(on L3 and on GL2). 

It follows that the (Giy2 x GL2)-iiivariant distributions on L3 are in 
bijection with the GL2-iiivariant distributions on GL2 (for the conjuga- 
tion action). Since every element of GL2 is conjugate to its transpose, we 
find that conjugation-invariant distributions on GL2 arc also transpose- 
invariant. It follows that (GL2 X GL2) -invariant distributions on L3 are 
also transpose-invariant, finishing this case. 
cr = b: For cr = 6, we first whittle down the support of (S*, ijj, T)-invariant 
distributions T on R = QjaQ^. Consider a general (S'^, S) coset represen- 
tative in R: g = r}{u)(jr}{v). We require explicit forms for the entries of u 
and v: 





' «1 


U2 1 






V2 \ 
















. M3 


M4 ; 






Vi J 



We must consider two cases. 

U3 = 0: If 163 = 0, then choose Ai, A2 so that 

V'fe('^l^^l +>^2V2) 1, 

using the fact that v is nonsingular. Define 

Aiwi A1W2 
A2W1 A2U2 









V 


X4 J 





and 



We compute 



gsg 







X 




N 


)■ 








I 


Jx 






. 















( 1 


Ai 
















\ 





1 





















■U1A2 


1 
























1 





















-W1A2 


1 


Ai 




V 
















1 


/ 



32 



GORDAN SAVIN AND MARTIN H. WEISSMAN 



We find that 

V'5(s) = tpk{Xl + X4) = Vfc(AlUl + X2V2) 1, 

V'J(ga;5-i)=Vfe(0) = l. 

By criterion (Rl), R = S'^^gS does not support any (5*, ip, T)-invariant 
distributions. 
M3 ^ 0: Suppose that U3 ^ 0. If vi ^ 0, then define 

XiVi X1V2 



X = 



/ Xi 


X2 


H 


V X3 


Xi , 





X2VI X2V2 



( 1 


Ai 














\ 





1 



















X2U1 


1 
















-X2U3 





1 
















X2U3 


-A2W1 


1 


Ai 




^ 














1 


/ 



where Ai and A2 are chosen in such a way that A2 7^ and 

xi+Xi = Xivi + X2V2 = 0. 
Then since v is nonsingular, we find that 

X4V3 — X3V4 = X2V2VS — X2V1V4 = — A2 det(w) 7^ 0. 
SimpUfying, 



9sg~ 



By scaling the vector (Ai, A2) if necessary, we find that 

ipsis) = Ipkixi + X4) = V'/c(0) = 1, 

i^sigsg'^) = i^k{-X2U3) + i. 

By criterion (Rl), R = gS does not support any (5*, V', T)-invariant 
distributions. 

If v\ = 0, and V2 — U3 then we may choose A2 such that V'(~A2W3) 7^ 
V'(A2^^2)- Prom this it follows that ip^{gsg~^) / i^s{s). It follows that 
R = S'^^gS does not support any {S, ip, T)-invariant distributions. 
We find that all {S, 4>, T)-invariant distributions T must be supported on 

cosets S^gS for which g = r]{u)ar]{v) with vi = 0, U3 ^ 0, and V2 = — W3. 

Applying (R2) instead of (Rl), wc can whittle down the support further 

(in a symmetric way), and we find that all (5, ^, T)-invariant distributions 

T must be supported on 

X — {S~'^ri{u)ari{v)S : Ui = Vi = 0,V2 = —U3}. 

Now, if 5 = r]{u)ar]{v) and ui = vi = 0, and V2 = —U3, consider the 
elements z,y G S given by: 



/ 1 





V 





U4V3 



1 










1 / 



/ 1 






V 





V4U2 



1 





\ 





1 / 
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y^gz = 



Then we find that 

/ 1 

V2 

—U2V2V3 

V2 

—U2V2V3 

V 

Observing that gz is equal to its transpose, and tps{y) = '^s{z) = 1, we 
find that (S', i/", T)-invariant distributions on X are also transpose-invariant. 
= bob: For a = bcb, consider a general coset representative g = ri{u)ari{v). 



det(Mw) J 



With u, V as before, define w 



w = 





W2 


)-{ 


V W3 


W4, . 





= uv, SO that 

UiVi + U2V3 

U3V1 + U4V3 



U1V2 + U2Vi 

U3V2 + U4V4, 



If (103,^4) 7^ (— det(t;), 0), then there exist X3,X4 such that 

V'fe 



( ) ^ 1, and M^,) = 1. 



In this case, we set xi = X2 = and X3 , X4 satisfying the above conditions. 
Define as in the previous case 



Xi X2 
X3 X4 



Then we compute 

1 


gsg 







X 


\ 


and s = 





I 


Jx'J'' 




I 





I 1 






\ 

We find that 



W2X^ — W\XA 

det(u) 
det(ii) 









1 



W4Xa—WaX4 

det(v) 









1 

W2X3—W-IX4 
det(v) 





\ 







1 / 



V's(s) = fpk{x4) = 1 

( 



) J 

By (Rl) it follows that if T is a {S, ^, T)-invariant distribution on R then 
T is supported on (5^, 5)-cosets of the form S''^r]{u)ari{v)S for u,v £ GL2 
satisfying: 

det(u) 



uv ■ 



-det(w) 







For such u, v we compute 



/ 1 














\ 














- det('u) 











* 


det(u) 














- dct(w) 














det(u) 














V 














det{uv) J 
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A direct computation yields 
det(w) 



- det(u) 



5A 



det(u) 
- det(u) 

By criterion (TI) , we find that all {S, tp, T)-invariant distributions on these 
cosets are also transpose-invariant. 
a = bach: For a = bacb, consider a general coset representative g = r]{u)aT]{v) 
with u, V as before. 

First, if ui = 0, then we may choose xi, X2, .^3, Xi such that; 

'>Pk{xi + X4) 7^ 1 and V2X1 — V1X2 = 0. 

For this choice, there exists A such that xi = Xvi and X2 = Xv2- Define 



Xi 





Then we compute 

/ 1 



X2 





X 







I 


Jx'J-' 








I 1 



gsg = 







dci{u ^v) 





det(t>) 
1 





det{u~^v) 





1 



Us A 


















—V1X4 
det{v) 

1 



We find that gsg'^ e S'^, 

^Pligsg-') = iPkiO) = 1. 
By (Rl) the double coset S~'^ri{u)ari{v)S does not support any {S,tp,T)- 
invariant distributions. 

Next suppose that ui ^ 0. Choose A such that ipkiuiX) 7^ 1. Define 

/ Xvi Xv2 







-Aui 





X 








I 


Jx'J-' 








I 



and 
\ 



We compute 



gsg 



1 


uiX 

U3X 

— Xvivs 





det{v) 
1 






XV1V3 
dct{u~^v) 






1 




M3A 



/ 





1 



-uiX 









Xvi 
det(i;) 
1 



We find that gsg'^ G 5'"^, 

V's(s) = -tpkixi + X4) = ipk{0) = 
i^sigsg~^) = V'fe(wiA) ^ 1. 
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By (Rl) the double coset S"^ rj[u)ari[v)S does not support any (S", i/JjT)- 
invariant distributions. 
a = bcabacb: Suppose that g = i]{u)ij'q' {v) for u, u G GL2, where = 
A(u)?7(w)~^; we find it convenient to use slightly different coset representa- 
tives here, using r/ instead of rj. There are two cases to consider. 
First, suppose that uAet{v)^^ = —v G GL2. Then we find that 





( ' 





-.\ 







u 







v 





/ 



Note that there exists 7 G GL2 such that 7U7 ~ vJ . ft follows that 

A(7)5A(7)-i = g\ 

By (TI), any (5', V', T)-invariant distribution on S^gS will be transpose- 
invariant. 

Next, suppose that Mdet(u)^^ 7^ —v. Then we may choose X G M2 such 
that 

M-MX)) + ^fc(Tr(det(i;)-iwX«-i)). 
Define an element s G 5 by 



/ 


X 







I 


JX^X 







I 



Then we find that 



det(u)uXM 



I I 



We find that gsg ^ G S"^ and 

V's(s) = Vfe(-Tr(X)), 

^s(ffS5-^) = ^fc(Tr(det(«)-itiXi;-i)). 
By (Rf ), the coset gS does not support any (5*, V', T)-invariant distribu- 



tions. 



With this technical work done, we now find 



□ 



Then the space 



Theorem 4.4. Suppose that a is a supercuspidal irrep of GSpQ. 
of Shalika functionals for a is at most one-dimensional: 

dim(Sh((7)) < f. 

Proof. Our previous results on distributions, with the methods of Gelfand, Kazh- 
dan, and Bernstein imply that the pair (GSpe, S) is a Gelfand pair, in the sense of 
Condition 4.1 of [19 (though we work with the character ips of S rather than the 
trivial representation of S). To be precise, for an irrep a of GSpe, with contragre- 
dient a, we find (cf. Proposition 4.2 of [19]) that 

dim(Sh(cr)) ■dim(Sh(CT)) < 1. 

So it remains to check that tr has a nonvanishing Shalika functional if and only 
if (T has a nonvanishing Shalika functional. 
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Since 5" is a unimodular subgroup of GSpe, there is a nondegenerate GSpe- 
invariant pairing: 

c-Indf •^P'^ ips X c-Ind^-^P^ ^ C, 
given by integration of functions on S\G: 

(/i,/2)- / fi{9)f2ig)dg. 

JS\G 

Now, if (T is a supercuspidal irrep of GSpe with nonvanishing Shalika functional, 
then a occurs as a subrepresentation of c-Ind^'^'''^ V'S- The nondegeneracy of the 
pairing above (and the injectivity of supercuspidals) imphes that a occurs as a 
subrepresentation of c-Indg '^^'^ ^ps ■ It follows that a has a nonvanishing Shalika 
functional, with respect to the character '0s. But since tps and ips are conjugate 
(via an element of GSpo) characters of 5, we find that Sh((T) 7^ 0. □ 

4.4. Theta Correspondence. The importance of Shalika functionals in the thcta 
correspondence is the following: 

Lemma 4.5. Suppose that a is a generic supercuspidal irrep of PGSpe. Then 
there is a linear isomorphism: 

WhG,(e7(a)) = e7(a)jv,,v.. = Sh(a). 

Proof. Here N2 be the unipotent radical of a Borel subgroup of G2 and ip2 is a 
principal character of iV2. Let Q2 = L2U2 be a maximal parabolic subgroup of G2 
such that U2 is contained in N2 and N2/U2 corresponds to a short simple root. 
Then WhG2(n7) = (117)^2, can be computed in two stages: 

(117)^2, 1>2 = ((n7)c/2,V2)Ar2,^2 ■ 

Lemma 2.9 on page 213 in [20j shows how to compute the co-invariants of 117 with 
respect to any character of 1/2- The characters of J72 are parameterized by cubic 
/c-algebras, and the restriction of ip2 to U2 corresponds to the degenerate cubic 
algebra k[e]/ {e^). 

Let S° C S he the semidirect product of GL2 with C U3, where C/3 contains 
the center Z3 and U^/Z^ corresponds to trace zero matrices in U3/Z3 = M2{k). 
Then 

(nr)c/2,^2 =c-Indfo^P«(C). 

Under this identification, one observes that the action of N2 on {^17)1/2,4:2 (which 
restricts to the character -02 on U2) is identified with the action of S/S° by left 
translation on c-Ind^o^^'' (C) . This implies that 

WhG2(n7) = {Il7)N2.i,2 = C-Indf''P^(05), 

as representations of GSpe. 

Applying Hom^spe ("'i ') to both sides above, we find that 

WhG2(e7(a)) = Q7{ct)n2.42 - Sh(a). 

^ □ 
Since 67(cr) is multiplicity- free, supercuspidal, and every subrepresentation is 
generic, we immediately find that: 
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Proposition 4.6. Suppose that a is a generic supercuspidal irrep of PGSpe, with 
trivial central character. Then 67(17) is nonzero if and only if Sh{a) ^ 0. More- 
over, if 07(17) 7^ then ^^{a) is a generic supercuspidal irrep 0/G2. 

Proof. This proposition directly follows from the previous lemma, and the "unique- 
ness of Shalika functionals" of Theorem 14.41 □ 



4.5. Injectivity of Dichotomy. We can now demonstrate the following 
Theorem 4.7. The dichotomy map is injective: 



A:lri-°{G2)^lri-°{PGSpe)U 



IrrliPGLs) 
Contra 



If two generic supercuspidal irreps r, r' of G2 have the property that &g{t) and 
06(t') have a common supercuspidal subrepresentation, then r is isomorphic to r' 
by Theorem 19 of [10]. 

If two generic supercuspidal irreps r, r' of G2 have the property that 07(t) 
and 07(t') have a common generic supercuspidal subrepresentation ct, then r is 
isomorphic to t' by Proposition l4. 61 since both r and r' must be subrepresentations 
of the irrep Qi{a). □ 

5. L-FUNCTIONS AND PERIODS 

Now that we have proven that the dichotomy map is injective, it remains to 
characterize its image. In fact, all supercuspidal irreps of PGL3 occur in the theta 
correspondence with a generic supercuspidal irrep of G2, by Theorem 19 of Gan 
and Savin [TD] 

Proposition 5.1. Suppose that p is a supercuspidal irrep of PGL3. Then there 
exists a unique generic supercuspidal irrep r of G2 occurring m O g {p) ■ 

This immediately implies that 

Corollary 5.2. The image of dichotomy in Irr°(PGL3) includes all non-self- 
contragredient supercuspidal irreps. In particular, A surjects ontolT:i°g{PGL^) when 
p^2. 

On the other hand, the image of dichotomy in Irr°(PGS'p6) is so far only char- 
acterized as 

A (lrr;(G2)) nlrr;(PG5p6) = {^r £ ^^(PG^pe) : Sh(a) # 0}. 

In this section, we demonstrate that the image of dichotomy can be described not 
only by the Shalika functional, but also by the degree 8 spin L-function. The goal 
of this section is to prove the following 

Theorem 5.3. Suppose that a is a generic supercuspidal irrep of PGSpe. Let 
L{a, Spin, s) denote Shahidi's L-function, associated to the 8-dimensional spin rep- 
resentation of Spin-j['C). Then Sh(CT) ^ if and only if L{a, Spin, s) has a pole at 
s = 0. 

One direction in this theorem - that a nonvanishing Shalika functional implies 
that L{a, Spin, s) has a pole at s = - follows from Shahidi's work, examination 
of a reducibility point, and properties of the minimal representation of Eg. The 
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other direction relies on an integral representation for the spin L-function due to 
Bump-Ginzburg 6 and studied by Vo |40j . We prove that these two incarnations 
of the spin L-function have the same poles, using global methods. 

5.1. A reducibility point. Let P4 = M4N4 be the Heisenberg parabolic sub- 
group of F4, with Levi component M4 = GSpg and sim is the similitude character 
of GSpg. The modular character, for the adjoint action of M4 on A'4 can then be 
expressed as: 

6p^{m) = |sim(m)|^. 

For (T a generic supercuspidal irrep of PGSpQ , consider the family of represen- 
tations of F4: 

I{c7,s) =lnd^l{a(^\sim\'+^), 

where sim is the similitude character of GSpe. The normalization factor | sim |* is 
chosen so that I(a, 0) is unitary when a is unitary. 

Let L(cr, Spin, s) be Shahidi's L-function, where Spin is the 8-dimensional rep- 
resentation of the dual Levi M4 = CSpin7(C) on the abelian quotient of the 
unipotent radical of the parabolic P4 dual to P4. The following result is essentially 
due to Shahidi [39] : 

Lemma 5.4. The L-function L[a, Spin, s) has a pole at s = if and only if I{(t, — 1) 
is reducible, in which case it has a composition series of length two. In this case, 
the unique irreducible submodule J{cr) of I{a,~l) is not generic. 

Proof. To compute this reducibility point, we compute some constants discussed in 
[39j . Let ai, . . . , a4 denote the simple roots in a root system of type F4, numbered 
as below. 



Pi = GSpe X N4, 



ai 



-Ct= 
0:2 



-O 
04 



Let f3 denote the highest root, so that: 

P^2ai+ 3a2 + 4:a3 + 2a4. 

Observe that the maximal parabolic subgroup P4 is associated to the root ai, which 
is adjacent to —(3 in the extended (affine) Dynkin diagram. 

Let pp denote the half-sum of the roots occurring in N4. Then pp = 4(3. It 
follows that: 

5i = K,pp)-i • = K,/3)-i/3 = 

Since /3 corresponds precisely to the similitude character of M4 = GSpg , it follows 
that J((T, s) is normalized as in Shahidi [33] . The result now follows directly from 
[55] : a helpful exposition of the results from Shahidi can be found in Section 2 of 

m- ^ _ □ 

To demonstrate a connection between nonvanishing of a theta correspondence 
and L-functions, we use a method of Muic-Savin |36| and consider a theta corre- 
spondence in a larger group. The following lemma plays a similar role in this section 
to Proposition 4.1 in [55] , 
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Lemma 5.5. Let Ilg denote the minimal representation of E%. Let 4>i he a generic 
character of a maximal unipotent subgroup U4 of Fi . Then 

Proof. We study the Whittaker functionals Whi?^(n8) = {J^%)u4„(t>4, in stages: 

where A'4 is a 15-dimensional Heisenberg group in ^4, is a 6-dimensional abehan 
unipotent subgroup of GSpQ, and U2 is a maximal unipotent subgroup of 5-^3. 

Stage 1: The iV4,V'4 coinvariants. We view F4 here as the algebraic group 
associated to the 14-dimensional structurable algebra of Freudenthal type 

Similarly, we view Eg as the algebraic group associated to the 56-dimensional struc- 
turable algebra of Freudenthal type 

Fo = fc © Jo ® Jo © fc. 

The construction of these algebras and groups follows Section [2. 3. 41 As a result, F4 
is endowed with a parabolic subgroup P4 = M4N4, and Eg contains a parabolic 
subgroup Pg = MgNg, such that: 

(1) N4 and Ng are two-step unipotent groups with onc-dimcnsional centers Z4 
and Zg. 

(2) N4/Z4 is naturally identified with J^, and Ng/Zg is naturally identified 
with FiQ. 

(3) The parabohcs are aligned, in the sense that Pg fl F4 = P4, Ng n F4 = N4, 
and Zg = Z4. 

Let ip4 denote the restriction of 04 to N4. Then ip^ is in the minimal GSpe- 
orbit in the space of characters of A'4. By conjugation, we may assume that ■(/'4 

corresponds to the element ^^^Fk^k®Jk®Jk®k (identified with 

The space {Tls)Ni.tin is a quotient of the kernel 

Ker{{Ils)zs ^ (ng)ivj ■ 

From Corollary 11.12 of [TT], this kernel can be identified with C^(ri), where 
is the minimal nonzero Mg-orbit in the 56-dimensional minuscule representation 

Then the characters of A'g which restrict to ip4 on N4, and also are in the N^/Zg,- 
support of Ilg correspond to elements 

1 3 



f 



e Fa 



where j S Jo, the entries of j and are in Oo, is the quadratic adjoint of j, and 
N(j) = 0. Here we refer to Proposition 11.2 and Section 10 of [TT] for a description 
of the orbit and Jordan algebras. 

Thus the representation (ng)jv^^^^ is identified with C^{fl^), where 

° " \ ^2 ^ ^2 ^ 2 ^ 
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Equivalently, we may view 

n-L = {(a,/3,7) e Ol : Spanj.(a, /?, 7) is isotropie, Tr(a/37) = 0}. 
Stage 2: The N3,tjj3 coinvariants. Now we are led to consider 

((n8)Ar4,V4)jV3,l/-3 — <^r(^"'")jV3,V3- 

First, we describe the subgroup N3 of GSpe, and the character ip3. Here, Q3 = 
M3N3 denotes the "Siegcl parabolic" in GSpe, whose derived subgroup is M3 = 
SL3 K N3. This derived subgroup M3 stabilizes the character -04 of A^4. The 
unipotcnt radical N3 of Q3 is abelian, and its /c-points A^3 are identified naturally 
with the space Jk of symmetric 3 by 3 matrices with entries in k. Then N3 acts on 
fi"*" in the following way: 

i^*j=j + 0" X K,) for all K G N3 = Jk,j G ri""" C Jo- 
in particular, we can compute 



1 










a 


-13 








•-( 


—a 





7 










/3 


-7 






a 

-a 



-0 

7 — a/S 




or in shorthand, 




= (a,/3,7-a/J). 



Let tp3 be the character of N3 given by 

V'3 




We now decompose ft^ into two subsets: 

f^^ = {(a,/3,7)eO- 

= {{a,P,-f)en- 
We find almost immediately that C^{Qi] 
and tpk{t) 7^ 0, then 



^3 








M 1 


f t 







• 





1 7^ 1 and j 

















^ 





/ 



- ■.af3 = 0}, 

- : a/3 7^ 0}. 

N3,^3 = 0- indeed, if j G t G k 



*J =3- 



In other words Q.^ does not support any (A^s, i/'3)-invariant distributions. It 
follows that 



((n8 



i8jAf4,^4)Ar3,^3 = C'r(^"'")jV3,V'3 = C'r(^2 )Af3,i/'3- 

Note that if j = (a,/?, 7) G il^, then a/? is nonzero and orthogonal to a, /3, 7, and 
itself (with respect to the trace pairing on Oq. But the maximal dimension of an 
isotropic subspace in Oo is three, so there must exist a,b,c G k, not all zero, such 
that 

a(3 = aa + bp + cj. 
Multiplying through by a or by P, we find that 

baP = — CQ!7, 
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aaP — — C7/?. 

Hence Span^,(Q;/3, /37, 70;) is one-dimensional. Note also that c ^ in the above 
relations, since otherwise q/3 — 0. 

Stage 3: The U2 , ip2 coinvariants. Now we are led to consider the coinvariants 

whpA^s) = (UsW^, = (((n8)iv„v.4)jv3.^3)^^ = (cr(f^^)^3,^3)c/„^. ■ 

We describe the subgroup U2 and character ?/'2 here. There is a chain of cmbeddings: 

U2 C SL3 SL3 K Jfe c Q3 C GSpe C Q4 = GSpe tx Ffe C F4. 

The resulting action of SL3 on Fk ^ k (B Jk ® Jk ® k is given by the formulas of 
Section 3.1 of Krutelevich ,31] . 

7- (5 f ) = ( ), forall7e5i3. 

In particular, let U2 denote the standard maximal unipotent subgroup of this SL3] 
the action of C/2 on il^ is given by 




(a, /?, 7) = (a + {xy - 2)7 + yP,(3- x-f, 7). 

We define -02 to be the principal character of U2 given by 

/ \ X z \ 

^"2 1 y = -0^(0; - y). 




Together with the action of iVs, we find an action of SL^ k on Vl^: for all 
7 G and aU k S A^a, 

7- = (7«7"^)*(7-i)- 

The subgroup U2 of 6*273 stabilizes the character i/ja of iV3: 

^^{uKVL^) = 03 (k), for all u € [/2, K e A^s. 

Now for j = (a, (3, 7) G 1^^, so that afi ^ 0, we find three possibilities: 

0:7 7^ 0: If a7 7^ 0, then there exists x G k such that a/3 — xaj — 0. We 
find that j = (a,/?, 7) is in the same J72-orbit as j' — (a,/? — 2:7,7), and 
{c(){P — x^) = 0. Thus j' G and cannot be contained in the support a 
(iVa, ■!/'3)-invariant distribution by the result of Stage 2. 

/37 ^ 0: If P"f ^ 0, then there exists z & k such that a(3 — zj(3 = 0. We 
find that j — (a,/3,7) is in the same [/2-orbit as j' ~ {a — 27, /3, 7), and 
(a — z'-f){P) — 0. Such elements j' G flj; cannot be in the support a 
(iVa, ■03)-invariant distribution, again by the result of Stage 2. 

aj = (3j = 0: If aj — = 0, then we find that a = 6 = in the linear 
dependence 

af3 — aa + bf3 + cy. 
Thus a(3 = cy. Define an element j' in the A's-orbit of j by 

c-i 
j'= I I *j = (a,/3,0). 
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Then j' cannot be in the support of a {U2, '!/'2)-invariant distribution, since 
for any x d k such that tpkix) ^ 1, we have 

/ 1 X \ / 1 X \ 

V'2 1 1 and 1 ] - j' =j'. 

yooi/ \001/ 

It foUows that {C^ {fl2) N3,4!3) ^^ — 0, and so 

Wh^^,(n8) = 0. 

□ 

Now we can demonstrate a connection between a nonvanishing Shahka functional 
and a pole in Shahidi's L-function. 

Theorem 5.6. Suppose that a is a generic supercuspidal irrep of PGSpe, with 
nonzero Shalika functional. Let t = Qii^cr), a generic supercuspidal irrep by Propo- 
sition \J7S\ Then the following statements are true: 

(1) The L-function L(a, Spin, s) has a pole at s — 0. 

(2) Lf J{a) is the unique irreducible subrepresentation of L{a, —1), then J{a)MT 
occurs as a quotient of the minimal representation Ilg of Eg,, restricted to 
the dual pair F4 x G2- 

Proof. We use the Heisenberg parabohc subgroups P4, Ps of F4, Eg, discussed in 
the previous result. 

Recall that cr Kl r occurs as a quotient (or subrepresentation) of the minimal rep- 
resentation 1X7 of Ej. By Theorem 6.1 of [35] (following Proposition 4.1 of [37|, and 
not requiring any condition on residue characteristic), the Jacquet functor (along 
Ns) of the minimal representation Ilg of Eg can be identified as a representation of 
CE7: 

ins)Ns = (nr® |det|3/28) ©|det|5/28. 

Since N4 C Ng, (Hg ) is a quotient of (Eg ) , as representations of GSpe x 6*2 C 
CEt. It follows that there is a surjective GSpe x G2 intertwining map: 

(ng)jv, ^n7 0|det|3/28. 

Since aMr occurs as a quotient of Ily, restricted to GSpe x G2, we find a surjective 
GSpe X G2 intertwining map: 

(ng)Ar, ^ (a^r)® |det|3/28. 

It follows by Frobenius reciprocity that there is a nontrivial F^ x G2 intertwining 
map: 

Hg ^ Ind^*(cr I det 1 3/28) H T. 

In order to identify the restriction of det (the determinant for the action of CEj on 
a 56-dimensional space) to GSpe, we consider the coroot of F4 which satisfies: 

a'^it) e Z{GSpe), for aU t e k"" , and sim(a^(i)) = t^. 

This is the coroot of the SL2 which commutes with Spg = [M4,M4] in F4. This 
SL2 is identified with the SL2 which commutes with E7 — [Mg, Mg] in Eg. Indeed, 
both copies of SL2 arise as Auto/Af2 7 embedded in Go®o — Eg and in Gfe^o — F4. 
We refer to Section [2.3.3l for a construction of these groups from tensor products of 
composition algebras. 
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The character det of CEj, considered above, pairs with a^, in such a way that: 
det(a''(i)) =t^s =sim(a''(i))28. 

Indeed, a^(i) acts on the 56-dimensional space Ns/[Ns, Ns] by the scalar t, and 
the determinant is computed above. Comparing with the simihtude character, for 
every element m of the subgroup GSpe C CEt, one has: 

|det(m)|3/28 = |sim(m)p. 

Hence we find a nontrivial x G2 intertwining map: 

Hg Ind^*(cr (g) I Sim |''') Kl r = /(cr, -1) Kl r. 

Since /(cr, —1) is generic, we find that Whp^{I{a, —1)) = I{a, —l)u4,(i)4 is nonzero, 
where (p4 is a generic character of U4 as before. But Whi;'4(n8) = (ns)u^^^^ = by 
the previous lemma. It follows that the image of the above intertwining map must 
be a proper submodule of /(cr, —1) S t. Thus we get both statements at once: 

(1) /(cr, —1) is reducible and by the work of Shahidi, L{(7, Spin, s) has a pole 
at s = 0. 

(2) J (a) K r occurs as a quotient of Ilg (restricted from Es to ^4 x 6*2). 

□ 

5.2. Eisenstein series. Here we review Eisenstein series on GL2, as they are used 
in the construction of the spin L-function by Bump and Ginzburg [6]. Let F he a 
global field with adele ring A. Following [T3] , page 47, for every place w of F and 
s in C we define V{s) to be the local unramified principal series representation of 
G'L2{Fy), unnormalized, so that the trivial representation is a submodule of V{0) 
and a quotient of V{1). Here F„ is the completion of F at v; will denote the 
cardinality of the residue field at v, if w is a finite place. 

We have an intertwining operator M„(s) : V{s) V{1 — s) defined by 

Mv{s){fv,s){g) = / fv,s{wng) dn 

where /t,,s is in V{s). Let /°g be the spherical vector in V{s) normalized so that 
/°,(1) = 1. Then, (see [13] page 51) 

M (^\f° - -^^(2^ - 1) jQ 
Ly(2s) 

where Ly{s) = (1 — (7^")^^. We normahze the operator M^(s) by defining 

M:(s) =7.(2s-l)-M„(s) 

where 7t,(s) is the 7-factor attached to the trivial representation of GLi. In par- 
ticular, 7i,(s) — Ly{l — s)/Ly{s) for finite places v. (Note that, since ni,7i'(^) = 1' 
this normalization has no effect globally.) An advantage of this normalization is 
that 

M*{l~-s)oM*{s) = ld. 

Moreover, we normalize the spherical vector by defining f^g — Ly{2s) ■ fy g- The 
advantage of this normalization is that 

In order to define Eisenstein series, as in [13] page 52, we define admissible sec- 
tions fs = ®fv,s as follows. Let 5 be a finite set of places containing all archimedean 
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places. Then define fv,s ~ fv^s foi' all « and, for v e we take fv,s to be one 
of the two: 

(1) fv,s is a constant section, i.e., its restriction to a maximal compact does 
not depend on s. 

(2) fv,s ~ — s)(gy g) where g is a constant section. 

Note that if fv,s is defined by (2), then f^^s has a pole at s = with residue 
contained in the trivial submodulc of V{Q). For an admissible section fs, define 
Eisenstein series by 

7eB(_F)\GL2(F) 

where B is the standard Borel subgroup of upper-triangular matrices in GL2. 



5.3. Zeta integrals. Let a = be a generic cuspidal automorphic represen- 

tation of GSpg(A). Then, for an admissible section fs, we have a zeta integral 



Z{s,(t)Js)= / (t){A{g)u)ijuiu)E{s,g,fs)dudg, 

JZ(A)GL2(-F)\GL2(A) JU(_F)\U(A) 

where 4> is an automorphic form in the space of cr, fs is an admissible section, U 
is the two-step unipotent radical of the Shalika subgroup S, and Z is the center of 
GL2. 

Let Wci, — Wv be the Whittaker function associated to (j). The global zeta 
integral can be rewritten as a product of local zeta integrals Z(s, Wt,, /t,.s), 
where the local factor Z{s, Wv, fv,s) is 



I 



y 

y 

z X 1 



\ \ 

wA{g) 



1 / 



y^lyl" ^fv,s{9) dxdzd^ydg 



where 



w 



( 1 






V 



\ 

10 

-1 

1 

10 

1 / 



In contrast to the formula in IBj we do not have the factor Ly{2s) as we have 
built it into the definition of fy_s- If is supercuspidal and fy^s is a constant 
section then the local zeta integral converges for all s. The following is of crucial 
interest to us: assume that v is finite and take f^^s — fv s the local zeta integral. 
Since /^q is the constant function on GL2(-F'^), the zeta integral at s = defines a 
Shalika functional. 

The following is claimed as Theorem 1 in [B]. 
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Proposition 5.7. Assume that cr„ is unramified, and let Wy be the corresponding 
(spherical) Whittaker function. Then 

Z{s, Wy,/*,.) = L{cry, Spin, s), 

where the spin L-function on the right side is given by the appropriate Euler factor 
from the Satake parameters of ay . 

For every finite place v, we can now define a local 7-factor by 

7(a„, S)Z{S, Wyjy^s) - - S, Wy,M:{s)ify,,)). 

The fact that the definition of 7(a'i,, s) is independent of Wy and fy^s, and that it is 
a rational function in q^, was proved by Vo in [1^. Since M*(l — s) o M*{s) — Id, 
we have a local functional equation 

7(cr„, 1 - s)j{ay, s) = 1 

for every finite place v. In particular, 7(cr^, s) has a pole at s = 1 if and only if it 
has a zero at s = 0. 

Assume that ay is unramified. Since M*(s)(/*^) ~ Proposition 15.71 

implies that 

L{ay, Spin,l - s) 

7K,s) = — — — . 

L(ay, bpm, s) 

Proposition 5.8. Let ay be a generic supercuspidal irrep ofGSpQ. Ifj{ay,s) has 
a zero at s = then ay has a Shalika functional. 

Proof. Let fy^s — ^J^y{^ ^ ^){9v,s) where gy_s is a constant section. Note that fy^s 
can have a pole at s = with the residue contained in the trivial subrepresentation 
of 1^(0). Consider the functional equation 

7K, Wy, fy,s) = Z{1 - S, Wy,M*{s){fy^s)) = Z {\ ~ S, 1^^, ,<?•„..) • 

Since ay is supercuspidal, the local zeta integral Z{1 — s, Wy, gv,s) converges for all 
s and can be arranged to be nonzero at s = by a result of Vo (Proposition 10.4 
in [ig). 

Thus the functional equation and "f{ay,0) = implies that the zeta integral 
Z{s, Wy, fy^s) has a pole at s = 0, for some choice of g„.s. After taking the residue 
of fy.s at s = 0, the zeta integral gives a Shalika functional. □ 

Proposition 5.9. Let a be a generic supercuspidal representation of GSpe — 
GSpg(/c) with trivial central character. Let ^(a,s) be the local factor defined above 
by means of zeta integrals. Let ^'{a, s) be the analogous local factor constructed by 
Shahidi [39j . Then the poles and zeros ofj{a, s), counted with multiplicity, coincide 
with poles and zeros of j' (a, s). 

Proof. The proof of this is global and uses the idea of [T7] . Assume, as we may, that 
the global field F contains a place v such that Fy = k. Let E be a global generic 
cuspidal automorphic representation such that E^, is unramified for all finite places 
w ^ V and S„ = a. 

The functional equation for Eisenstein series E{s,g,fs) ([12] page 232) implies 
a functional equation of the global zeta integral: 

Z{s,cj>,f,)^Z{l-s,cj),Ms{fs)). 
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This in turn, implies that 

Ls{^,Spin,l~ s) 
Ls[2-,, bpm, s) 

where S — Soo U {w} is the set of places consisting of all archimedean places So 
and V, LsC^, Spin, s) is the corresponding partial i-function, and 

Zil-s,W^,M*{U,s)) 



7(Eoo,s)= Y[ 



We have a similar global equation satisfied by Shahidi's 7-factors. Combining the 
two gives 

7(Soo, s)j{a, s) = 7'(I]oo, s)7'(cr, s). 

Note that, as a consequence, 7(Soo, s) does not depend on the choice of /„,s. 

We need to understand the location of poles and zeros of 7(Soo, s). Fortunately, 
in Proposition 12.1 of [3D], Vo shows that for every archimedian place w and every 
So, one can pick a constant section /u,_s such that Z{so,Ww, fw,so) 0- He also 
shows (see Proposition 11.1 and Lemma 11.5 in [40]) that the poles of the zeta 
integral for a constant section at archimedean places lie among the poles of r(so + s) 
for finitely many complex numbers sq. Since the poles of siftii,s) are contained 
on the real axis, it follows that poles of 7(Eoo, s) are located on finitely many lines 
parallel to the real axis. The same is true for zeros since 

7(1:00, s)7(i;oo, 1 - s) = 1. 

On the other hand, since 7(17, s) is a rational function in q" , if sq is a zero or a 
pole then so is sq + for every integer n. The same is true for Shahidi's factors 
- poles and zeros of 7'(Eoo,s) lie on finitely many lines parallel to the real axis, 
while the poles or zeros of j'{a,s) lie on lines parallel to imaginary axis. In view 
of the identity 

7(Eoo, s)j{a, s) = 7'(Soo, s)j'{(j, s), 

it follows that poles and zeros of 7(cr, s) must coincide with poles and zeros of 
7'(ct, s) as desired. □ 
We can now demonstrate Theorem 15. 3[ which is encompassed by the theorem 
below. 

Theorem 5.10. Let a be a generic supercuspidal irrep of PGSpe. Then the fol- 
lowing three conditions are equivalent: 

(1) a has a nonvanishing Shalika functional. 

(2) Shahidi's L-function L{a, Spin, s) has a pole at s = 0. 

(3) The Bump-Ginzburg-Vo L-function L{a, Spin, s) has a pole at s = 0. 

Proof. We prove the full circle of implications, from the results earlier in the section. 

(1) implies (2): If a has a nonvanishing Shalika functional, then Shahidi's 
L(a, Spin, s) has a pole at s = by Theorem 15.61 

(2) implies (3): If Shahidi's L-function L{a, Spin, s) has a pole at s = 0, 
then Shahidi's local factor ^'{a,s) has a zero at s = 0. By the previous 
proposition, the local factor for the Bump-Ginzburg-Vo L-function 7(17, s) 
must also have a zero at s = 0. It follows that the Bump-Ginzburg-Vo 
L-function L{a, Spin, s) has a pole at s = 0. 
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(3) implies (1): If the Bump-Ginzburg-Vo L-function L{a, Spin, s) has a 
pole at s = 0, the local factor 7(0-, s) has a zero at s = 0. Then Proposition 
15.81 implies that a has a nonvanishing Shalika functional. 

□ 
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